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ABSTRACT

This paper is to discuss the effects of Poynting-Robertson force on the resonant motion of geocentric satellite. In presence of
Poynting-Robertson force the resonances 1:1,1:2,1:3,2:1, 2:3,3:1,3:2,4:1,4:3,5:1 and 5:3 are occurred. Also discuss the
amplitude and time period of the geocentric satellite at all these resonant points.
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INTRODUCTION

Over the last few decades, several authors widely studied three-body problem and restricted three-body problem under diverse
perturbation conditions. The perturbation owing to mechanism of dissipation in solar system is several dimensional. Understanding
of factors affecting the motion of the bodies of the solar system is necessary for the analysis of solar dynamics. Resonance established
in solar system plays a vital role in the solar dynamics. Throughout the integration of equations of motion; a set of cases wherein the
periods of revolution are in the ratio of two integers demonstrated by the appearance of small divisors is defined as resonance.
Hughes (1980) reported resonance’s impact on the orbit of Earrth’s satellite because of lunisolar gravity and respective direct solar
radiation pressure, whose appearance relies only on the orbital of satellite inclination. Under gas rich condition, the nature of
resonance trapping was explored by Weidenschilling and Davis (1985). Further, which was continued by Patterson (1987) for the
existence of resonances of any order and exhibiting formation of planetary embryous at two-body external resonances by accretion
of infinitesimals caught in these orbits. Bhatnagar and Mehera (1986) verified the motion of a satellite using gravitational forces of
several bodies including Moon, Earth and the radiating Sun. Ferraz-Mello (1992) studied “averaging of the elliptic asteroidal problem
with a Stokes drag” and with the assistance of Beaugé and Ferraz-Mello (1993) he studied “resonance trapping and Stokes drag
dissipation in the primordial solar nebula. The often decrease of semi-major axis due to dissipation and consequent collision between
one primary and minor bodies has been studied by Celletti et al. (2011). Quarles et al. (2012) has studied the resonances for co-
planar CR3BP for the mass ratio between 0.10 and 0.15 and used the method of maximum Lyaponav exponent to locate the resonant
points. They showed that in presence of single resonance, the orbital stability is ensured for high value of resonance.

Sushil et al. (2013) worked on resonance in a geocentric satellite due to Earth’s equatorial ellipticity and analysed the effects on

amplitude and time period of oscillation on r (angle measured from the minor axis of the Earth’s equatorial ellipse to the projection
of the moon on the plane of equator) and on the other orbital elements of the satellite. Rosemary (2013) has given detail description
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Effect of Poynting-Robertson Force on the Resonant Motion of Geocentric Satellite

of the perturbation theory to determine the presence of resonance based on approximations to a harmonic oscillation. Kour et al.
(2018) worked on resonance in the motion of geocentric satellite due to PR-drag and further in (2019) they have discussed the
“Resonance” in the motion of geocentric satellite due to PR-drag and equatorial ellipticity of the Earth. Hassan et al. (2022) studied
effects of Stokes drag on the resonant motion of a geocentric satellite and found that time period and amplitude vary with the
variation of Stokes Drag parameter. Presently we proposed to extend the work of Hassan et al. (2022) by considering the Combined
Effect of Stokes Drag and Earth’s equatorial ellipticity on the resonant motion of moon, where the minor axis of the Earth’s equatorial
section is called ellipticity parameter of the Earth. Here the Stokes-Drag defined by Ferraz-Mello (1992) is under consideration.

We divide this paper in five sections. In section 2, the equations of motion of the geocentric satellite in polar form have been
established in presence of Poynting-Robertson force in rotating frame relative to the Earth. In Section 3, we have solved first the
unperturbed equation of motion and hence the integrable form of the perturbed equation of motion and its solution is established.
In section 4, Amplitudes and time periods have been found out by using the generalised formula of Hassan et al. (2022). The
manuscript has been concluded in section 5 and ended with the references.
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Let us considering the inertial frame (E, XOYOZ) whose origin at the Earth £ and a rotating frame (E, X YZ) relative to the

inertial one , where EX passes through the vernal equinox Y Let fo, j‘o and f, j be the unit vectors along the axes of inertial

—_—

frame and rotating frame with common unit vector & along the vertical axis EZ (not seen in the figure). Let EP =7 bethe position

vector of the satellite P, SP = P be the position of the Sun S relative to the Earth E and SE = R.If M ,m and u be the masses of
the Sun, Earth and the Geocentric Satellite respectively then their mutual gravitational forces are given by

. Gmu. - GMu- - GMn
Fop=——B Fp=—lp Ep=—"R

' P R3 (1)

The Poynting-Robertson force applied on the satellite P is given by

Sy A oy A
P p (p pxk) p (;)4));) -

where 1 e [O,l)is the dissipative constant, we can decompose the above force into two components, first one is the drag

component due to the impact of photons of the solar radiation with the satellite and second component represents the Doppler shift
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of solar radiation that’s hit the satellite. Let @ be angular velocity of the rotating frame relative to the inertial frame and the unit
vector I along the direction of geocentric satellite then the equation of motion of satellite in rotating frame can be written as
%r , ar

3 ~ 0w _ . o A
T=ml+262(wxl)+7”(a—(:><l)+7”[(a)l)—(a)w)l] (3)

Let a be the angle of direction of the satellite with the direction of vernal equinox, then @ = ak ,where ¢ is the angular velocity
of the satellite. Thus, the equation (3) reduced to

. 2
F=(S2-ra?)i+ (2 +rd)) 4)
In the triangle EPS
s s 5 Fop+Fp+P Fy GM . Gm, A s o o A GM
—j-R=-2TEBPT0 b i L (p-pxk)-= 2R
r=p 1 m p3,0 30 pz(p pxk p4(,0,0),0+R3

If R be the unit vector along R and ﬂ be the angle of the direction of the sun with the direction of vernal equinox » thenR =

cos B iy + sin B Jpand B2 = i—[‘: implies that

xk) -

AT}

. Gm’\ 52 N . > A 5
T:—r—zl+ﬁR(cosﬁlo—l—Slnﬁ]O)_pZ(p_
GM , A inB7
_F(T1+Rc05ﬁlo + Rsinf Jo). ®

Scalar product of | with (4) and (5) and that of j with (4)and (5) comparing the results one can find the equations of motions
of the satellite in polar form as

2 . ) -
- @i+ 9= R (B - %) cosa — ) — & (i — (5 x R}

A > 5 Sa GMr
——(BP)(BD) — =3 ©)
5] . Ar . - A .
(%) = =Ry sin(a — §) = = (3] — (6 x R)1} — = (58) D)
p p
~ = sin(a =) (7) ()

These equations are not integrable, so we replace r and ¢ by their steady state value 7, and 020 by perturbation technique

which can be introduced in (6) and (7)asa = (4 t&B = ft

M A A
——d2r+r—=R(ﬁz—F)cos(do—ﬁ)t—p{ﬁi—(ﬁxk)i}

— 2 (5F) (5D — 5

(8)

International Journal of Engineering Science Technologies 32


https://www.granthaalayahpublication.org/ojs-sys/index.php/ijoest/

Effect of Poynting-Robertson Force on the Resonant Motion of Geocentric Satellite

d . .
27 (r?@) = —B*Rry sin(do — p) t = —{pJ — (B xk)j} - rf (3D)(BD

-B)t (9)

At steady state
b =R sin(dy — Bo)tl + RB cos( g — Bo)t] + doTof

+ ﬁ) sin2 ayt

iy
(ﬁﬁ)(pi) = (Rroz,[? + ¥> sin(do — ) t + R?Br, sin(2d,

35

a4
R2ﬁ> sin(do + ﬁ) t+ #Sin(Sdo - 3,8) t

R ro

(0(0 + ,8) sin2 ft — (Rro ag

30 30
—#sin(Sdo - ,8) t— #sin(&@ - do) t.

For central orbit of satellite I’zd = constant=h (say) and 7 =1/ u in (8) we get

d2u+ Gm N R <GM
da? u_r04d20 az,

r B )u cos(do — f)t + (B +1)sin(do — B)t

Au?

+—
ptat,

. RBY o
(Rrozﬁ * T) sin(dao — B) t + R?Bry sin(2d, — 2B) ¢

35

R TO (0(0 + ,8) sin 2 agt — —(0{0 + ,8) sin2 Bt — (Rro ag + R2ﬁ> sin(o’co + ,8) t

GMrou

+—sm(3a0 - 3,8) t— —sm(Sao B) t— —sm(3ﬁ — ao) t] " (10)

RESONANCE IN THE MOTION OF THE SATELLITE

: : .oad? S

The complete solution of the unperturbed equation of motion dT; tu=- 4::2 is given by
[ 0

£ _ _ _ 2 _ 1+ecos(a—9)

-=1+ecos(a—1), where [ =a(l—e”) and e,y are constants. Thus u = et

Let us consider ¢ — i = &yt = nt(say) where n be the frequency of the satellite.
Since eccentricity e < 1 so(l+ecosnt) ~ 1+ hjecosnt.

52

d?u . . . . o
Hence by using n and £ Tz = 4% aTLZL in equation (10), then we get the perturbed equation of the motion of the satellite is

tZ

2

u . . . .
W+n u=M; +M,cosnt+Mzcosft+M,sinnt+ Mssinft+ Mgsin2ft+ M,sin3ft+ Mgsin2nt

+Mg sin3nt + My, cos(n - ,8) t+ My, sin(n - B) t+ M, sin(n + ,8) t+ M, sin(n - 2,8) t
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+My, sin(n + 2[)’) t+ M5 sin(n - 3,8) t+ Mg sin(Zn - ,8) t+ My, cos(Zn - ﬁ) t
+Mygsin(2n + B) t + Myg sin(2n — 2B) t + Myy sin(2n — 38) t + My, sin(3n— )t
+M,, sin(Sn - ZB) t+ My, sin(Sn - 33) t+ My, sin(4n - B) t + Mys sin(4n - SB) t.
Where
Re(%- 7)
Gm GMr, 2GMrye _ p3

M:_+ IM: ] - ]
1 r04 p3a2(1—62)2 2 p3a2(1—ez)2 3 a?(1 — e?)?

_ AR?ree(d + B) _ AeR(8ro®d, + 3R%B + 4p*f + 4p?)

M = ) y
4 2p*a?(1 — e?)? 5 4p*a?(1 — e?)?

IR0 +f) | ARe L akn(ath) _,

M=—-——= - _
6 2p4a2(1—ez)2' 7 4p4a2(1—ez)2' 8 2p4a2(1—ez)2

. Gy 5 .
AR?rye(do + B) MM = R (p_3 —F ) 3 AR[(415% 4+ R? + 4p®)B + 4p?]
2p4a2(1 — e2)? - M4 10 T a?(1 — e?)? [ Y 4p4a2(1 —e2)2 4

M9=

AM2Rr 2y + R3 AR%rye(dy + 30
My, = — ( - ﬁ)'Mm: ) ( - ﬁ)'Mlél-:MB:MS'
2p4a2(1 — e2)? 2p4a2(1 — e2)?

. . @_ ’2)
_ AR3[; _ lRe[(rOZ +p2)ﬁ +p2] = Re (,03 ﬁ
15 4p4a2(1 — e2)2 » 716 p4a2(1 — e2)2 » 17 a?(1 — e?)?

= M3'

_ 2e(2Rry*dy + R3P) _ AR*np B AR3fe
18 = 2p*a?(1 — e?)? r 19 p*a?(1 — e?)?’ 20 — 2p*a?(1— e2)?’

AR3p AR?*1,fe

My, = _m = —M;5, M5, = W'MB = =My, = —M;s,

AR3pe AR3pe

M ==, =
24 4p*a?(1 — e?)? 25 4p*a?(1 — e?)?

=—My,

The solution of equation (11) is given by

Mztsinnt+M3 co's,Bt+M4tcosnt+MSSLﬁﬁt+M6sinZBt
n n2 _Bz 2n n2 —BZ n2 — 45'2

M,
u=Mcos(nt—E)+F+

N M,sin3ft Mgsin2nt Mgysin3nt N M, cos(n — Pt 4 M, sin(n— B)t
nz—9fr  3n? n? | n-(-f?  ni—(n-f)

My, sin(n+ )t Mzsin(n—28)t M sin(n+2B)t M,ssin(n—3p)t
n2 — (n+ B)2 n2 — (n — 2p)2 n2 — (n + 2p)2 n2 — (n — 3p)2

(11)
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M, sin(2n — Pt + M,, cos(2n — Bt 4 Mg sin(2n + )t 4 M,q sin(2n — 2p)t
nZ — (2n— f)2 nz —(2n— f)2 nZ — (2n+ )2 n — (2n — 2f)2

M, sin(2n — 3p)t 4 M,, sin(3n — )t 4 M,, sin(3n — 2p)t 4 M, sin(3n — 3p)t
n2 — (2n — 3p)2 nz — (3n— p)2 n2 — (3n — 2f)2 n2 — (3n — 3p)2

Moy sin(4n—-P)t = M,g sin(4n—-3p)t
nZ-(4n-p)>2 n2-(4n-3p)2 °

(12)

Where & is constant of integration. On vanishing the denominator of any term of equation (12) we get some points at which

motion becomes indeterminate and hence resonance occurs at these points. Thus, the resonances occur at the points n = g,n =
28,n=382n=p 2n =3B,3n = B,3n = 2B,4n = B,4n = 38,5n = Band 5n = 38. All the resonances
1:1,1:2,1:3,2:12: 3,3: 1,3: 2,4: 1,4: 3,5: 1 and 5: 3 occur due to Poynting-Robertson force.

AMPLITUDE AND TIME PERIOD
By using Brown and Shook (1933) and Hassan et al. (2022) the generalization formula of the
amplitude A and the time period 7" at the resonant point mn = mzﬁ’ where m,, m, € N for

2
the equation is of the form d—;‘ + n?u = M;¢ and s € N are
dt

\/Ecosz—;ﬂ J Zx/fncos%ﬁ
=M T=——12 13
V|Mg|ng an JIMg|ng ( )

It's to be noted that any value of § may or may not represent the corresponding value of A and 7 using the result of (13) the
amplitude and time period at different resonant points are cited in the table.

Resonant Point Amplitude Time Period s

2n = ,B Aqo Tio 11

Aqq Ti1 21

Aqp T2 22
2n =38 Ais Tz 15
3n = [} Aiy Tia 16
3n =28 Ass Tis 19
4n = ﬁ Aie Tie 21
4n =38 Ay Ti7 23
5n = ,B Aig Tis 24
5n =38 Ayq e 25
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Where

A

2v2p2%a(1 — e?) cos B 4\2mp2a(1 — e?) cos B

T

1 = =
\/leR(8r02d0 +3R2B + 4p2f + 4p?)n, \/AeR(SrOZdO +3R2B + 4p2p + 4p2)n0

_ 2p*a(l—e*)cosB _ 4mp®a(l—e?)cosp

2 = 2=
\/lero(dO +3p)en, \/leTg(d’o +3B)en,

V2p%a(1 — e?) cos B B 2V2np2a(1 —e?) cos B

Ag = 3=
JRel 4008 +ptlng [ARe[( + 9228 + p2]ng

2p%a(1 — e?) cos
4 = p?a( ) BT4

AR3Ben, AR3Ben,

_4mp*a(1—e®)cosf

B V2p?a(1l —e?)cos B 3 2V2np2a(1 —e?) cos B
’ARZBrOenO ’ARZBrOenO
2vV2p?a(1 —e?)cos 4\2mp?a(l — e?) cos B
A6 = T6 =
MR3BenO /AR3,Ben0

_2p*a(l—e?)cos2f  4mp*a(l—e?)cos2f

A7 - . 7 .
\/ARZ(dO + B)rong \/ARZ(dO + B)rong

As

Ts

_V2p?a(l—e?)cos2p _ 2V2np?a(1—e?)cos2
= =

AR2Bren, AR2Bryen,

Ag

_ 2v2p%a(1 —e?)cos3p _ 4\2mp?a(1 —e?) cos3 B

Ag 9
AR3Ben AR3Ben,
2v2p%a(1 — e?) cosg 42mp?a(l — e?) cosg

Ay =

10 —
\/AR[(MOZ +R2 + 4p2)p + 4p2]n, \/AR[(MOZ + R2 + 4p?)p + 4p2|n,

2v2p2%a(1 — e?) cosg 4\2mp2a(l — e?) cosg

All - T11 -
/AR3Bn0 /AR3Bn0
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V2p2a(l — e?) cosg 2\V2np2a(1 — e?) cos%
Ty, =

12 =

AR2Bryen, AR2Bryen,

.
.

2v2p2%a(1 — e?) cos% 4\2mp2a(l — e?) cos%

13 = T13
’AR3Bn0 /AR3[3110
V2p2a(l — e?) cosg 2vV2np2a(1 — e?) cosg
14 = 14 =
/AR,[?rozeno AR2Bry2en,

V2p2a(l — e?) cos% 2V2np2a(l — e?) cos%
A5 = Tis =

AR?Bryen, AR?Bryen,

y
y

T

2v2p%a(1 — e?) cos

16 —

42mp?a(1 — e?) cos%

T16

AR3fn, AR3Bn,

.
c

2v2p2%a(1 — e?) cos%

17 —

4\2mp2a(l — e?) cos%

Tl 7

[AR3 i, |AR3 fing
2v2p2%a(1 — e?) cos% 4\2mp2a(l — e?) cos%
18 = Tig =

AR3Ben, AR3Ben,

:
:

2v2p%a(1 — e?) cos% 42mp?a(l — e?) cos%

Tig =

19 =

AR3Ben,

~
o]
w
?‘
@
=~
o

CONCLUSION

In section 1, of this manuscript, the previous works have been cited. In section 2, the polar equations of motion of the geocentric
satellite have been established in presence of Poynting-Robertson force in rotating frame relative to the Earth. To reduce the chances
of non-integrability of the equations of motion, we used perturbation technique by taking the steady state values of the position
vector and angular velocity of satellite. In section 3, we have solved first the unperturbed equation of motion. The solution of
perturbed equation (11) of motion in equation (12). By making denominator of any term from 5t to 26t to zero # becomes infinity

and hence the motion of the satellite becomes indeterminate. Thus n = 8,n = 28, n = 38,2n = ,2n = 38,3n = 3,3n = 23,4n =
B,4n = 34,5n = B and 5n = 3 are eleven resonances of the problem all of them are occurred due to Poynting-Robertson force. In
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section 4, we have found the amplitudes and time periods at all the resonant points which are occurred due to Poynting-Robertson
force.
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