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ABSTRACT

There are exactly two popular classes of methods to solve the initial-value problem for
updates Ordinary Differential Equations, which are usually called the Runge-Kutta and Multistep
methods. Each method of these classes has its advantages and disadvantages. Note that
at the intersection of these methods, there is one method the explicit Euler method. The
main difference between this class of methods is that in the class of Multistep methods,
there are implicit methods. However, this cannot be said about the classic Runge-Kutta

Received 05 February 2025
Accepted 12 March 2025

Published 12 April 2025 method. Here have investigated these class methods, considering to construction of
CorrespondingAuthor stable methods with a high degree. And also recommended to construct a method that
AR. Abdulkarimova, preserves some properties of the Runge-Kutta methods and also some properties of the
Multistep Methods with constant coefficients. By using the Runge-Kutta methods are one-
step, here by changing the values of step size, recommended to construct methods at the
DOI intersection of these methods. It is also shown that depending on the nature of solving

problems, these methods can coincide.
Funding: This research received no

specific grant from any funding agencyin - K eywords: Initial-Value Problems, The Runge-Kutta Method, Ordinary Differential
the public, commercial, or not-for-profit . .

sectors Equations, Multistep methods, Stable and Degree

Copyright: © 2025 The Author(s).
This work is licensed under a

With the license CC-BY, authors retain
the copyright, allowing anyone to
download, reuse, re-print, modify,
distribute, and/or copy their
contribution. The work must be
properly attributed to its author.

n

1. INTRODUCTION

Scientists have been investigating the solution of initial-value problems for
Ordinary Differential Equations since the Age of Newton. To find a numerical
solution to the above-named problem, the specialists mainly have used power
series.

Leonard Euler has shown the main disadvantage of such methods and proposed
his direct numerical method, which is successfully used at present. In scientific
literature, this method is called the direct numerical method for solving the initial
value problem for the Ordinary Differential Equation of the first order, which can be
presented as follows:
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On Some Comparison the Methods of Runge-Kutta and Multi-Step Types

v =f(y), y(xo) =Yo, Xo<x=<X. (D

Suppose that problem (1) has the unit continuous solution defined in the
segment[xy; X], where has the continuous derivatives up to p + 1, inclusively. And
the continuous to totality of arguments function f (x; y) has defined in some closed
set, where has the partial derivatives up to some p, inclusively. For finding a
numerical solution of the problem (1) in usually, the segment [x(; X] is divided into
N-equal parts by using a constant step size h and the mesh points define as x;,; =
x;+h (i=0,1,..,N —1). Let us by the y(x;) define the exact values of the
solution of problem (1) at the pointx; (i =0,1,...,N), but the corresponding
approximate value has defined as the y;(i = 0,1, 2, ..., N).

The Euler method was developed by Adams, Runge, Kutta, and Akad. Kyrilov,
Dahlquist, Bakhvalov, and other known scientists. In the results of which appeared
the class methods as the one-step and Multi-step methods. The last time constructed
the new class methods were hybrid, advanced, predictor-corrector, and so on.
Fundamental research into numerical methods began in the middle of the last
century. The number of papers devoted to the study of those numerical methods
increased. There was a need to compare them. For this aim proposed to use the
conception of stability and degree. To obtain more reliable results, it appeared
necessary to construct A or R- stable. Some authors suggested using L-stable
methods.

There was a need to construct new methods. For the illustration of this, let us
consider the following multistep methods (see for example [brahimov & Imanova
(2021), Ibrahimov (1990), Imanova & Ibrahimov (2023), Ibrahimov (1984), Juraev
et al. (2023), Ibrahimov & Imanova (2024), Ibrahimov & Imanova (2024), Brunner
(1984), Trifunov (2020), Dahlquist (1956), Akinfewa et al. (2011), Butcher (1965),
Urabe (1970), Gupta (1979), Bakhvalov (1955), Shura-Bura (1952), Dahlquist
(1959), Skvortsov (2009), Kobza (1975), Dahlquist (1956)):

k k
Y ayni=h Y Bifasi, =012 N-k (@)
i=0 i=0
The explicit Runge-Kutta method In one version can be presented as follows
Yne1=Ynth (.BlKl(n) + ﬂsz(n) + -+ ﬁsKs(n)) . 3)

Here, the functions k; (j = 1,2, ..., s) define as the following:
K" = f O )i KS™ = f (3 + azh o+ hBoaK (™), .
K = f (o + sh, v+ R (Boak ™ + Boak{™ ot s 1K) ).

As it follows from the definition of the function of K™ (j = 1,2, ..., s), method
(3) is explicit. Let us the functions Kj(n) (j=1,2,..,5s) to define as follows:

R = f (0 + aah, i + 11 1K),
1?2(") =f (xn +ahy, +h (ﬁ2,11?1(n) + ,82‘21?2(“))) Y
I?S(n) = f (xn + ash, In +h (ﬁs,ll?l(n) + ﬁS,ZI?Z(n) +t :85,5—11?5(12 + BS'SRS(n)))

Let us consider the following method:
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N
Yn+1 ZYn+hZVJ'Ej(n)' n=012.,N-1 (4)
j=1
By simple comparison methods (3) and (4), receive that method (3) is explicit
and method (4) is implicit. Noted that method (2) is explicit in the case 5, = 0 and
method (4) is explicit in the case 5, = 0 forthe t > L.

It is easy to understand that application of the Runge-Kutta method is more
difficult. However, these methods have an extended region of stability. Some experts
approve the claim that someone can construct a specific method, the panels by using
that applied that to solve some applied problems. It should be noted that recently
there has been a frequent necessity to construct new methods with new properties.
Therefore the construction of new methods with new properties is always relevant.
As is known, the application of one-step methods to solve some practical problems
performed very simply. However, this is not always the case. For example, in using

method (4) for calculating the values to each Ks(n) is difficult. Note that the
application of the method (3) is easier than a method (4). With similar cases collide
in using the Multi-step methods.

And now let us establish some connections between one-step and multi-step
methods. For this consider the following method:

Ytz = VYn + 20y 141, n=0,1,2,..,N -2, (5)

which is received from the method (2) for the value k = 2. In the formula (5)
let us to change h by the h/2, then receive the following method.

Yn+1 =Ynt+ hy,n+1/2, n=01,.., N—1. (6)

Which usually is called the Midpoint rule. Now let us define the relation
between the methods (2), and with Runge-Kutta methods. For this aim, consider the
following method:

Vns1 = Y+ K" )
here Kz(n) =f (xn +h/2,y, + hKl(n)/Z ) and Kl(n) = f(xn Yn )-

Note that methods (6) and (7) have the same degreep = 2.
Let us consider the trapezoidal rule, which can be presented as follows:

Yn+1 = Vn + h(f(x"“'y"“; /G n)) (8)

This method has the degree p = 2 and is implicit, therefore this can be received
from the method (2) in the case k = 1. Method (8) can be received from the method

(4) in the case s = 2. In this case the functionsl?l(n) and I?Z(n), can be constructed as
the following:
1?1(11) = f(xnr yn) (ai = ﬁl,l = 0), I?z(n) = f (xn + h, Yn + hl?l(n) )'
Br= B2 =1/2
By using these in formula (8), receive:

h (f(xn'yn ) + f(xn+1'yn + hf(xntyn )))

Yn+1 =Yn t )
This method is called the Heun’s method.
Let us consider the following presentation of the Taylor series:
y(x +h) =y(x) + hy'(x) + 0(h?).
After using this in the formula (9) one can be writte:

)
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h(f(xn: Yn )+ f(xn+1vy(xn+1) + O(hz)))
> .
From here by discarding the reminder term, receive:

h(f(xnryn ) + f(xn41s Yn+1))
2 )
which is the Trapezoidal rule. Thus, some connections were established
between the one-step and multi-step methods. It is obvious that by selecting some
unknowns in method (3) one can receive some known and unknown methods. By

using the above-described schemes, let us consider obtaining methods of (2) from
the method (3).

1) About some connection between Multistep methods and Methods
Runge-Kutta.

Yn+1 =Yn t+

Yn+1 =Yn t+

For the illustration relation between Multistep and Runge-Kutta methods, let
us consider the following Runge-Kutta method with the fourth order:

h (Kl(") + 2Kk 42k + Ki”))
Yne1 = Yn + 6 ’ (10)

here
KO = fGnon) K = f (v + /2,50 + K 2),
K3(") =f (xn +h/2,y,+h Kz(n)/z):
Kin) =f (xn +hy, +h Kgn)).

Let us consider the following equality
Xnth

z(x, + h) —z(x,) = f z'(x)dx. (11D
Xn
If applied equality (11) the following initial-value problem

y' = @(x), y(x0) = Yo, Xo < x =X, (12)
then receive:

s =y 4 P Gn) + 0oy +6h/2) + 90 + 1)) (13)

And now, let us in the method (2) to put k = 2. In this case stable method with
the degree p = 4, can be presented as follows:

Yn+1
=Yn
+ h(f(xn, Yn ) +4f (Xni1, Y(Xn41)) + f(xn+2:y(xn+2))) (14)
3
This is well known Simpson method, which has been received from method (2)
as partial case. By simple comparison of the methods (10) and (14), receive that if
in the method (13) select h as 2k, then from the method (13) it follows method (14)
and to contrary, if in the method of (14) step-size h select as h/2, then from the
method (14) follows method (10).

And now let us consider the case s = 2. Then by choosing the unknowns
ay and f,, as the 1/2 (a; = B, = 1/2) and a; = 0, then from the method (3) it
follows Midpoint rule (formula (7)). If to consider the case a; = a, = 1/2 and

Kz(n) = f(x, + h,y, + K;), then from the method (3) one can be received the Heun'’s
method.
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Noted thatin the case s = 2 one can construct a method, which is different from
the above noted methods:

h (K +3K5)
Z :

Yn+1 =Yn t+ (15)

here
K5 = f (dn + 213,y + 20 KV /3)

Let us consider construction method of type (4). For the simplicity to consider
the following method,

h(fn+;_a'*f;+;+a) V3 6
2 %7

which formally be obtained from the method (4) as a partial case. All the
unknowns that participated in the (4) must receive the value of rational type. But in
the method (16) participate irrational quantity a. Therefore, this method doesn’t

belong to a class of method (4)

Yn+1 =Yn t+

Let us consider the following method:

h(f Oy ) + 3f (% + 2h/3, Y0y
Yn+1 = Yn + (f(x ) f(z 2 2/3)). (17)

If in the method of (17) to use Euler explicit method
2hK™

(here KT = f(xn, ),

then methods (15) and (17) will be same.

As is known, the Runge-Kutta methods are stable. But in a class of Multistep
methods, not all methods are stable. As is known in the comparison of Numerical
methods, the conception of stability and degree. Therefore let us consider
definitions of conception stability and degree for the method (2).

Definition 1. Method (2) is called stable, if the roots of the polynomial
p(D) = LA + L A+ + A+ a
located in the unit circle, on the boundary of which there are not multiple roots.

yn+2=yn+
3

Definition 2. The integer value p is called as the degree for the method (2) if
the following is holds:
k
Z a;y(x + ih) — hBy' (x + ih) = 0(hP*1), b — 0.
i=0
Definition 3. The integer value s is called as the order of the method (3) or (4)
if the function:

@r(h) = Yt + h) = () — h1K™ + 72K + -+ ysKD)
has the following property:
@r(0) = ¢+ (0) = -7 = (0) =0, ¢*1(0) # 0
By using this definition, receive those methods (5), (6) (8) and has the degree
p = 2, method (7) has the order s = 2. Method (10) has the order s =4 and

methods (13) and (14) have the degree p = 4. Noted that method (15) has the order
s = 3, methods (14) and (16) have the degree p = 3.
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2. CONCLUSION

As is known in solving many applied problems, arises the question about the
selection of numerical methods for solving the above-investigated problems. Many
experts in such cases suggested using the methods of Runge-Kutta and Adams,
Considering that these methods are very popular and simple to use. However, such
tasks have arisen in solving which above recommended methods have not given
available results. Taking into account the stated fact, experts suggested using the
generalization of these methods. In the results of which arises the Multistep
methods with constant coefficients and semi-implicit Runge-Kutta methods.
Recently, new directions have appeared which are called the implicit Runge-Kutta
methods. For simplicity here, suggest investigating above named methods. The main
advantage of this research is the comparison of one-step and multistep methods and
shown that how one can be received. As is known, the region of stability for the
Runge-Kutta methods is wider than the region of stability for the multistep methods.
For the sake of objectivity, let us note that the region of stability can be extended by
using predictor-corrector methods. Assume that the method described here is
promising, therefore the results received here will find its followers.
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