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ABSTRACT 
In the present work, a study is made of the development of epidemics, in particular the 
one referring to the epidemic transmitted by SAR CoV 2; a model is developed through a 
system of Differential Equations that simulates this process, the system is simplified, if it 
makes a qualitative study of the trajectories of the system giving conclusions regarding 
the hole behavior of the trajectories, thus proving control of the epidemic; a critical case 
is treated and an example is presented that responds to the conditions of the introduced 
critical case, graphically proving the conclusions demonstrated analytically. 
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1. INTRODUCTION 
This work is fundamentally related to the epidemic produced by SAR CoV 2 but 

is applicable to epidemics transmitted by other diseases with person-to-person 
contagion, such is the case of sexually transmitted diseases where the fundamental 
difference is that the concentrations between susceptible and exposed are very 
minor Soto et al. (2019) and Soto et al. (2020).  

Multiple diseases that develop epidemics are known Halloran et al. (1994), 
Halloran et al. (1994), Hamer et al. (1906) and Hethcote (1994). But for its lethality 
COVID 19 finds itself in the worst cases for human health Lacort et al. (2020). 
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 The disease that has most affected humanity in recent years has been COVID-
19. It is said that the cases of maximum risk are adults of the third age and especially 
those who suffer from some chronic disease; but practice has shown that there is no 
one safe from this disease, and it can have a slow evolution or act swiftly.  

Due to these great affects produced by COVID-19 in the world, multiple results 
have been published both from the point of view of biochemical characteristics, of 
treatment, and from the point of view of modeling to make predictions regarding 
the future of the pandemic, among others can be indicate the works Ramirez-Torres 
et al. (2020), Ivorra et al. (2020), Ruiz Aa and Marténig (2020) and Zhao and Chen 
(2020), which represent models through ordinary differential equations, which give 
conclusions regarding the future behaviour of the infection process of the 
population considered.  

Today the most worrying situation is given by the coronavirus, a respiratory 
disease that so many lives have claimed, there are many ideas on how to fight this 
disease; but the method that most researchers agree on, is given by the method of 
isolating the infected to prevent possible transmission to other people Montero 
(2020).  

In Chaveco et al. (2018) different problems of real life are treated by means of 
equations and systems of differential equations, all of them only in the autonomous 
case; where examples are developed, and other problems and exercises are 
presented for them to be developed by the reader. 

 The authors of Chaveco et al. (2016) indicate a set of articles forming a 
collection of several problems that are modelled in different processes, but in 
general the qualitative and analytical theory of differential equations is used both in 
the autonomous and non-autonomous cases, in both books the authors address the 
problem of epidemic development.  

There are multiple works dedicated to the study of the causes and the 
conditions under which an epidemic may develop, among these we can indicate 
Hamer (1906).  

The first navigators who arrived in the Americas were impressed with the 
robustness and the healthy aspect of the Indians, who, in fact, fed abundantly on 
natural products, moved constantly, therefore had no problems of sedentary 
lifestyle, and did not cultivate habits harmful to health. Tobacco, for example, was 
used only sporadically and in rituals; the problems later created by the 
industrialization, commercialization and advertising of cigarettes that did not exist. 
This picture soon began to change; the Europeans brought with them, in addition to 
economic interest and firearms, microbes that caused diseases to which the Indians 
had no immunity.  

That way they could get seriously ill, and even die, from a simple flu. Other 
diseases were even worse, such as smallpox, a disease that no longer exists; it 
disappeared after a successful worldwide vaccination campaign, conducted by the 
World Health Organization more than 40 years ago. But at that time the vaccine did 
not exist and, even if it did, it would not be applied to the Indians Other diseases 
from the Old World were being introduced: malaria, yellow fever, tuberculosis, 
bubonic plague. Soon the entire population of the colony was subject to them; black 
slaves, because of the poor conditions of life and nutrition; whites, because they 
lacked effective vaccines or treatments. 

 To this was added another factor: the emergence of cities, which had 
precarious conditions of hygiene and sanitation. With regard to organized public 
health, little was done, there was a chief physicist, who, through assistants, 
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supervised medical practice, and the sale of medicines was carried out at 
apothecaries, which still used leeches, which were used to extract the “excess” of 
blood or “poisoned” blood.  

The problem of epidemic modeling has always been of great interest to 
researchers such as the cases of Esteva and Vargas (1998), Earn et al. (2000), 
Greenhalgh and Das (1992), Gripenberg (1983), Halloran et al. (1994), Halloran et 
al. (1994), Hethcote (1994) and Hethcote (1976). In this work we will apply the 
generalized logistic model, where the case of the growth and decrease of the infected 
are applied in the same equation; to model the development of epidemics, a model 
that allows forecasts of future behaviour.  

The objective of this work is to perform a modelling using ordinary differential 
equations, the infection process using COVID-19 in such a way that it can respond to 
the current situation in different countries and regions where the problem of 
multiple waves is presented; as it happened in Cuba and other countries, a 
possibility that had already been indicated in Ruiz Aa And Marténig (2020), where 
in addition it was planted how to reverse this situation.  

 
2. MODEL FORMULATION  

The process of infection through the coronavirus until effective measures are 
not taken has an exponential growth, with many infected individuals appearing 
quickly, leading to the death of many of them if they do not receive adequate 
treatment. It is known that to study a model that simulates the process it is 
necessary to see how the infected will vary over time; here the situation will be 
analyzed when they are in the process of growing or decreasing as a result of the 
treatment.  

The disease that most affected humanity in recent years was COVID-19. It is said 
that the highest risk cases are elderly adults and especially those who suffer from a 
chronic disease; but practice has shown that no one is safe from this disease, that it 
can evolve slowly or act quickly, that anyone can be infected and from that moment 
on it is not possible to say what the patient's future will be.  

The infection process through the coronavirus increases proportionally to the 
concentration of exposed people and its own concentration, decreasing 
proportionally to the population of recovered. Susceptible will increase 
proportionally to their concentration up to a certain value, as they can pass through 
their immune system directly to recovered ones, and it decreases proportionally to 
the amount of exposed; the exposed population decreases proportionally to its 
concentration and decreases proportionally to the concentration of infected, adding 
proportionally to the susceptible population; the recovered population decreases in 
proportion to the infected population. 

 To formulate the model using a system of differentiable equations, the 
following unknown functions will be introduced:  

𝑖𝑖1̃ is the total concentration of the infected population at the time 𝑡𝑡.  
s̃1 is the total concentration of the susceptible population at the time 𝑡𝑡.  
ẽ1 is the total concentration of the exposed population at the time 𝑡𝑡.  
r̃1 is the total concentration of the population recovered at the time 𝑡𝑡.  
In addition, the open set 𝑉𝑉𝑉𝑉 will be denoted by, 
 𝑉𝑉𝛼𝛼 = {�𝑖𝑖, 𝑠𝑠, 𝑒𝑒1, 𝑟𝑟1� ∈ 𝑅𝑅3 𝑎𝑎⁄ − 𝑉𝑉 < 𝑖𝑖1 < 𝑎𝑎 + 𝑉𝑉, 𝑏𝑏 − 𝑉𝑉 < 𝑠𝑠1 < 𝑏𝑏 + 𝑉𝑉, 𝑐𝑐 − 𝑉𝑉 < 𝑒𝑒1 <

𝑐𝑐 + +𝑉𝑉,𝑑𝑑 − 𝑉𝑉 < 𝑒𝑒1 < 𝑑𝑑 + 𝑉𝑉} 
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This set represents the region of admissible values of populations at a given 

time.  
Here the variables will be introduced 𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1 and 𝑟𝑟1 defined as follows: 𝑖𝑖1 =

ı1̃ − 𝑖𝑖1, 𝑠𝑠1 = s�1 − 𝑠𝑠1, 𝑒𝑒1 = e�1 − 𝑒𝑒1 and 𝑟𝑟1 = r�1 − 𝑟𝑟1; so if 𝑖𝑖1 → 0, 𝑠𝑠1 → 0, 𝑒𝑒1 → 0 and 
𝑟𝑟1 → 0 the following conditions would be satisfied ı1̃ → 𝑖𝑖1 ,�̃�𝑠1 → 𝑠𝑠1,e�1 → 𝑒𝑒1 and  r�1 →
𝑟𝑟1 which would constitute the main objective of this epigraph. Considering the 
above principles, the mathematical modeling of the coronavirus infection process 
takes the following form, 

  

⎩
⎨

⎧
𝑖𝑖1′ = 𝑎𝑎1𝑖𝑖1 + 𝑎𝑎2𝑒𝑒1 − 𝑎𝑎3𝑟𝑟1 + 𝐼𝐼1(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1)                                                    
𝑠𝑠1′ = 𝑏𝑏1𝑠𝑠1 − 𝑏𝑏2𝑒𝑒1 + 𝑆𝑆1(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1)                                                                 
𝑒𝑒1′ = −𝑐𝑐1𝑖𝑖1 + 𝑐𝑐2s1 − 𝑐𝑐3e1 + 𝐸𝐸1(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1)                                                 
𝑟𝑟1′ = 𝑑𝑑1𝑖𝑖1 + 𝑅𝑅1(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1)                                                                             

                                                                                

                                                                                                                                   Equation 1 
With the initial conditions,  
 
𝑖𝑖1(0) = 𝑖𝑖10, 𝑠𝑠(0) = 𝑠𝑠10, 𝑒𝑒1(0) = 𝑒𝑒10, 𝑟𝑟(0) = 𝑟𝑟10.  
 
Where I1, S1, E1 and 𝑅𝑅1 will represent disruptions to the infection process, 

which ultimately could produce significant changes in the numbers of individuals in 
each of the classifications, such as infected, susceptible, exposed and recovered, as 
it is assumed that once the pandemic appears, it will not disappear completely. 
These functions are power series converging in a neighbourhood of the origin of 
coordinates, which have the following representation,  

 

𝐼𝐼1(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1) = ∑ 𝐼𝐼1
(𝑝𝑝)𝑖𝑖1

𝑝𝑝1𝑠𝑠1
𝑝𝑝2𝑒𝑒1

𝑝𝑝3𝑟𝑟1
𝑝𝑝4

|𝑝𝑝|≥2 , |𝑝𝑝| = 𝑝𝑝1 + 𝑝𝑝2 + 𝑝𝑝3 + 𝑝𝑝4 
 
Likewise, for, 𝑆𝑆1, 𝐸𝐸1 and 𝑅𝑅1.  
The parameters that appear in the system correspond to:  
𝑎𝑎1 is the coefficient of increase in the concentration of the infected due to their 

own concentration. 
 𝑎𝑎2 is the coefficient of increase in the concentration of those infected as a 

function of the concentration of those exposed.  
𝑎𝑎3 is the coefficient of decrease in the concentration of the infected as a function 

of the concentration of the recovered.  
𝑏𝑏1 is the coefficient of increase in the concentration of susceptible as a function 

of their own concentration.  
𝑏𝑏2 is the coefficient of decrease in the concentration of susceptible as a function 

of the concentration of those exposed.  
𝑐𝑐1 is the coefficient of decrease in the concentration of those exposed as a 

function of their own concentration.  
𝑐𝑐2 is the growth coefficient of the concentration of the exposed as a function of 

the concentration of the susceptible. 
 𝑐𝑐3 is the coefficient of decrease in the concentration of those exposed as a 

function of their own concentration.  
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𝑑𝑑1 is the growth coefficient of the concentration of the recovered as a function 
of the concentration of the infected.  

The characteristic equation corresponding to the matrix of the linear part of the 
system Equation 1 has the form,  

 
𝜆𝜆4 + 𝑛𝑛1𝜆𝜆3 + 𝑛𝑛2𝜆𝜆2 + 𝑛𝑛3𝜆𝜆 + 𝑛𝑛4 = 0                                                            Equation 2 
Where,  
 

𝑛𝑛1 = 𝑐𝑐3 − 𝑎𝑎1 − 𝑏𝑏1 
𝑛𝑛2 = 𝑎𝑎1𝑏𝑏1 + 𝑏𝑏2𝑐𝑐2 + 𝑎𝑎2𝑐𝑐1 + 𝑎𝑎3𝑑𝑑1 − 𝑏𝑏1𝑐𝑐3 − 𝑎𝑎1𝑐𝑐3 
𝑛𝑛3 = 𝑎𝑎1𝑏𝑏1𝑐𝑐3 + 𝑎𝑎3𝑐𝑐3𝑑𝑑1 − 𝑎𝑎3𝑏𝑏1𝑑𝑑1 − 𝑎𝑎1𝑏𝑏2𝑐𝑐2 
𝑛𝑛4 = 𝑎𝑎3𝑏𝑏2𝑐𝑐2𝑑𝑑1 − 𝑎𝑎3𝑏𝑏1𝑐𝑐3𝑑𝑑1 

 
Theorem 1: The conditions 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3,4, 𝑛𝑛1𝑛𝑛2 > 𝑛𝑛3 and 𝑛𝑛3 𝑛𝑛3(𝑛𝑛1𝑛𝑛2 −

𝑛𝑛3) > 𝑛𝑛12𝑛𝑛4 are necessary and sufficient for the trivial solution of system                                                     
Equation 1 to be asymptotically stable. The proof of this theorem is a direct 
consequence of the Hurwitz conditions, which guarantee the negativity of the real 
parts of the roots of the characteristic equation, in correspondence with the method 
of the first approximation.  

Observation 1: Theorem1 allows us to state that under the conditions 𝑛𝑛𝑖𝑖 >
0, 𝑖𝑖 = 1,2,3,4, 𝑛𝑛1𝑛𝑛2 > 𝑛𝑛3 𝑛𝑛3(𝑛𝑛1𝑛𝑛2 − 𝑛𝑛3) > 𝑛𝑛12𝑛𝑛4 the infection is controlled, 
because although the active cases are not eliminated, there is also no epidemic, since 
the total concentrations of the populations in each of the statuses converge to 
acceptable values of the corresponding populations. Could it be the case that 𝑛𝑛𝑖𝑖 >
0, 𝑖𝑖 = 1,2,3, 𝑛𝑛1𝑛𝑛2 = 𝑛𝑛3 and 𝑛𝑛4 = 0, if this occurs, we would have that among the 
eigenvalues of the matrix of the linear part of the system there is a negative, a null 
and a pure imaginary double, thus constituting a critical case, which could not be 
solved by applying the method of first approximation; here it will be necessary to 
reduce the system to a simpler form and apply the second Lyapunov method to draw 
conclusions regarding the future of the disease.  

By means of a non-degenerate transformation X = SY, where 𝑋𝑋 =
𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖1, 𝑠𝑠1, 𝑒𝑒1, 𝑟𝑟1) and 𝑌𝑌 = (𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2), the system Equation 1 can be transformed 
into the system, 

  

   

⎩
⎨

⎧
𝑖𝑖2′ = 𝐼𝐼2(𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2)                   
𝑠𝑠2′ = σi𝑠𝑠2 + 𝑆𝑆2(𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2)     
𝑒𝑒2′ = −σi𝑒𝑒2 + 𝐸𝐸2(𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2) 
𝑟𝑟2′ = 𝜆𝜆4𝑟𝑟2 + 𝑅𝑅2(𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2)    

                                                                     

                                                                                                                                   Equation 3 
 
The functions 𝑆𝑆2, 𝑅𝑅2,𝐸𝐸2 and 𝐼𝐼2 admit a converging power series development in 

a neighbourhood of the origin of the coordinates, similarly to what was indicated 
before, for the functions, I1, S1,E1 and 𝑅𝑅1, so,  

 

𝑆𝑆2(𝑖𝑖2, 𝑠𝑠2, 𝑒𝑒2, 𝑟𝑟2) = � 𝑆𝑆2
(𝑝𝑝)𝑖𝑖2

𝑝𝑝1𝑠𝑠2
𝑝𝑝2𝑒𝑒2

𝑝𝑝3𝑟𝑟2
𝑝𝑝4

|𝑝𝑝|≥2

, |𝑝𝑝| = 𝑝𝑝1 + 𝑝𝑝2 + 𝑝𝑝3 + 𝑝𝑝4 
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Likewise, for the rest.  
In this case, because it is a critical case, the Analytical Theory of Differential 

Equations will be applied to simplify the system.  
 

Theorem 2: The change of variables,  
 

⎩
⎨

⎧𝑖𝑖2 = 𝑖𝑖3 + ℎ1(𝑖𝑖3) + ℎ0(𝑖𝑖3, 𝑠𝑠3, 𝑒𝑒3, 𝑟𝑟3)
𝑠𝑠2 = 𝑠𝑠3 + ℎ2(𝑖𝑖3)                                  
𝑒𝑒2 = 𝑒𝑒3 + ℎ3(𝑖𝑖3)                                  
𝑟𝑟2 = 𝑟𝑟3 + ℎ4(𝑖𝑖3)                                  

                                                              

                                                                                                                                   Equation 4 
 
 transforms the system Equation 3 into the combined quasi-normal form,  
  

⎩
⎨

⎧
𝑖𝑖3′ = 𝐼𝐼3(𝑖𝑖3)                                  
𝑠𝑠3′ = σi𝑠𝑠3 + 𝑆𝑆3(𝑖𝑖3, 𝑠𝑠3, 𝑒𝑒3, 𝑟𝑟3)   
𝑒𝑒3′ = −σi𝑒𝑒3 + 𝐸𝐸3(𝑖𝑖3, 𝑠𝑠3, 𝑒𝑒3, 𝑟𝑟3)
𝑟𝑟3′ = 𝜆𝜆4𝑟𝑟3 + 𝑅𝑅3(𝑖𝑖3, 𝑠𝑠3, 𝑒𝑒3, 𝑟𝑟3)  

                                                             

                                                                                                                                   Equation 5 
 
 Where ℎ𝑖𝑖(𝑖𝑖 = 1,2,3,4), ℎ0, 𝑆𝑆3,𝐸𝐸3, 𝑅𝑅3 and 𝐼𝐼3 admit a development similar to 𝑆𝑆2, 

𝑅𝑅2,𝐸𝐸2 and 𝐼𝐼2, furthermore ℎ0, 𝑆𝑆3,𝐸𝐸3 and 𝑅𝑅3 cancel for 𝑟𝑟3 = 0.  
 
Proof: Deriving the transformation Equation 4 along the trajectories of systems                                                                 

Equation 3 and  Equation 5 we obtain the following system of equations,  
 

⎩
⎪⎪
⎨

⎪⎪
⎧ �(p1 − p2)iσ + p4λ4�h0 + I3(i3) = I2 −

dh1
di3

I3 −
∂h0

∂i3
I3 −

∂h0

∂s3
S3 −

∂h0

∂e3
E3 −

∂h0

∂r3
R3                             

σih2 + S3 = S2 −
dh2
di3

I3                                                                                                                                             

−σih3 + E3 = E2 −
dh3
di3

I3                                                                                                                                

λ4h4 + R3 = R2 −
dh3
di3

I3                                                                                                                                             

                  

                                                                                                                                   Equation 6 
 
To determine the series that intervene in the systems and in the transformation, 

the coefficients of the powers of grade 𝑝𝑝 = (𝑝𝑝1,𝑝𝑝2,𝑝𝑝3,𝑝𝑝4) in the following two 
cases: Case I) Doing 𝑟𝑟3 = 0 in system Equation 6, that is to say for the vector 𝑝𝑝 =
(𝑝𝑝1,𝑝𝑝2,𝑝𝑝3, 0) the following system is obtained,  

 

⎩
⎪⎪
⎨

⎪⎪
⎧𝐼𝐼3(𝑖𝑖3) = 𝐼𝐼2(𝑖𝑖3 + ℎ1, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3,ℎ4) − 𝑑𝑑ℎ1

𝑑𝑑𝑖𝑖3
𝐼𝐼3

𝜆𝜆1ℎ2 = 𝑆𝑆2(𝑖𝑖3 + ℎ1, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3,ℎ4) − 𝑑𝑑ℎ2
𝑑𝑑𝑖𝑖3

𝐼𝐼3

𝜆𝜆2ℎ3 = 𝐸𝐸2(𝑖𝑖3 + ℎ1, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3,ℎ4) − 𝑑𝑑ℎ3
𝑑𝑑𝑖𝑖3

𝐼𝐼3

𝜆𝜆3ℎ4 = 𝑅𝑅2(𝑖𝑖3 + ℎ1, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3,ℎ4) − 𝑑𝑑ℎ3
𝑑𝑑𝑖𝑖3

𝐼𝐼3

                                           

                                                                                                                                  Equation 7 
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The system Equation 7 allows to determine the coefficients of the series, 
ℎ𝑖𝑖(𝑖𝑖 = 1,2,3,4) and 𝐼𝐼3 where for being the resonant case ℎ1 = 0, and the other series 
are determined in a unique way. Case II) For the case when 𝑟𝑟3 ≠ 0 of the system                 
Equation 6 it follows that, 

 

⎩
⎪
⎨

⎪
⎧�(𝑝𝑝1 − 𝑝𝑝2)𝑖𝑖𝑖𝑖 + 𝑝𝑝4𝜆𝜆4�ℎ0 = 𝐼𝐼2 −

𝜕𝜕ℎ0

𝜕𝜕𝑖𝑖3
𝐼𝐼3 −

𝜕𝜕ℎ0

𝜕𝜕𝑠𝑠3
𝑅𝑅3 −

𝜕𝜕ℎ0

𝜕𝜕𝑒𝑒3
𝑆𝑆3 −

𝜕𝜕ℎ0

𝜕𝜕𝑟𝑟3
𝑅𝑅3      

𝑆𝑆3 = 𝑆𝑆2(𝑖𝑖3 + ℎ1 + ℎ0, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3, 𝑟𝑟3 + ℎ4)                                      
𝐸𝐸3 = 𝐸𝐸2(𝑖𝑖3 + ℎ1 + ℎ0, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3, 𝑟𝑟3 + ℎ4)                                     
𝑅𝑅3 = 𝑅𝑅2(𝑖𝑖3 + ℎ1 + ℎ0, 𝑠𝑠3 + ℎ2, 𝑒𝑒3 + ℎ3, 𝑟𝑟3 + ℎ4)                                    

                         

                                                                                                                                                                                                                  Equation 8 
 
As the series of the system Equation 3 are known expressions, the system 

Equation 8 allows to calculate the series ℎ0, 𝑆𝑆3, 𝐸𝐸3 and 𝑅𝑅3. This proves the existence 
of change of variables.  

Theorem 3: The transformation of coordinates,  
 

⎩
⎪
⎨

⎪
⎧𝑖𝑖3 = 𝑖𝑖4                                                          
𝑠𝑠3 = 𝑠𝑠4 + ℎ�2(𝑠𝑠4, 𝑒𝑒4)                                  
𝑒𝑒3 = 𝑒𝑒4 + ℎ�3(𝑠𝑠4, 𝑒𝑒4)                                  
𝑟𝑟3 = 4 + ℎ�4(𝑠𝑠4, 𝑒𝑒4)                                    

                                                                                    

                                                                                                                                                                                                                  Equation 9 
reduces system Equation 5 to the combined quasi-normal form,  
 

⎩
⎨

⎧
𝑖𝑖4′ = 𝐼𝐼4(𝑖𝑖4)                                  
𝑠𝑠4′ = σi𝑠𝑠4 + 𝑠𝑠4𝑃𝑃1(𝑠𝑠4𝑒𝑒4)           
𝑒𝑒4′ = −σi𝑒𝑒4 + 𝑒𝑒4𝑃𝑃2(𝑠𝑠4𝑒𝑒4)       
𝑟𝑟4′ = 𝜆𝜆4𝑟𝑟4 + 𝑅𝑅4(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, 𝑟𝑟4)  

                                                                    

                                                                                                                               Equation 10 
 
Where 𝑅𝑅4(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, 0) = 0 and the functions ℎ�𝑖𝑖 , 𝑖𝑖 = 2,3,4) are uniquely 

determined. 
 Proof: Deriving the transformation Equation 9 along the trajectories of 

systems Equation 5 and Equation 10 we obtain the system of equations, 
 

⎩
⎪⎪
⎨

⎪⎪
⎧

I3(i3) = I4(i4)                                                                                       

(p1 − p2 − 1)iσh2 + s2P = S3 −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2         

(p1 − p2 + 1)iσh3+e2P = E3 −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2             

[i(σp1 − σp2) − λ4ℎ�4 + R4 = R3 −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2      

                       

                                                                                                                                Equation 11 
 
Doing in the system Equation 11 𝑟𝑟4 = 0, the system is obtained,  
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⎩
⎪⎪
⎨

⎪⎪
⎧

I3(i3) = I4(i4)                                                                                                                           

(p1 − p2 − 1)iσh2 + s2P = S3 −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2                                                      

(p1 − p2 + 1)iσh3+e2P = E3 −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2                                                        

[(p1 − p2)iσ − λ4]ℎ�4 = R3�𝑖𝑖4, 𝑠𝑠4 + h2, 𝑒𝑒4 + h3,ℎ�4� −
∂h2
∂u2

s2P1 −
∂h3
∂u3

e3P2              

                   

                                                                                                                                                                                                               Equation 12 
 

The system Equation 12 allows calculating the series ℎ𝑖𝑖 , (𝑖𝑖 = 2,3,4), P1 and P2 
with what P1 and P2 are nonzero in the resonant case, that is, their exponents satisfy 
the resonance equations 𝑝𝑝1 − 𝑝𝑝2 − 1 = 0 and 𝑝𝑝1 − 𝑝𝑝2 + 1 = 0, this guarantees the 
form previously indicated for these series; meantime, ℎ2, ℎ3 and ℎ�4 because they are 
not resonant, they are uniquely determined. When 𝑟𝑟4 ≠ 0, from the system                       
Equation 11 the equation is deduced R4(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, �̅�𝑟4) = R3(𝑖𝑖4, 𝑠𝑠4 + h2, 𝑒𝑒4 + h3, 𝑟𝑟4 +
ℎ�4, this completes the proof of the theorem, since the unknown series are thus 
calculated.  

In system Equation 11 the functions 𝑃𝑃 and 𝐼𝐼4 admit the following power series 
development: 

 

𝑃𝑃(𝑠𝑠2𝑠𝑠3) = �𝑎𝑎𝑛𝑛(𝑠𝑠2𝑒𝑒3)𝑛𝑛
∞

𝑛𝑛=𝑘𝑘

+ 𝑖𝑖�𝑏𝑏𝑛𝑛(𝑠𝑠2𝑒𝑒3)𝑛𝑛
∞

𝑛𝑛=𝑙𝑙

 

 
 and  

𝑈𝑈1(𝑖𝑖4) = 𝑉𝑉𝑖𝑖4𝑠𝑠 + ⋯ 
 
 Theorem 4: If 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3, 𝑛𝑛1𝑛𝑛2 = 𝑛𝑛3e 𝑛𝑛4 = 0, 𝑉𝑉 < 0, 𝑠𝑠 odd and 𝑎𝑎𝑘𝑘 < 0 , 

then the trajectories of system Equation 10 are asymptotically stable, otherwise 
they are unstable. 

 Proof: Consider the positive definite Lyapunov function,  
 

𝑉𝑉(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, 𝑟𝑟4) =
𝑖𝑖42

2
+ 𝑠𝑠4𝑒𝑒4 +

𝑟𝑟42

2
 

 
The function 𝑉𝑉(𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3) is such that its derivative along the trajectories of 

the system (10) has the following expression,  
 

𝑉𝑉′(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, 𝑟𝑟4) = 𝑉𝑉𝑖𝑖4𝑠𝑠+1 + 𝑎𝑎𝑘𝑘(𝑠𝑠4𝑒𝑒4)𝑘𝑘+1 + 𝜆𝜆4𝑟𝑟42 + 𝑅𝑅(𝑖𝑖4, 𝑠𝑠4, 𝑒𝑒4, 𝑟𝑟4) 
 
This function is negative definite because in 𝑅𝑅 the powers are of degrees higher 

than those indicated in the initial part of the expression for the derivative of 𝑉𝑉, this 
allows us to state that the equilibrium position is asymptotically stable.  

Note2: If 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3, 𝑛𝑛1𝑛𝑛2 = 𝑛𝑛3 and 𝑛𝑛4 = 0, 𝑉𝑉 < 0, 𝑠𝑠 odd and 𝑎𝑎𝑎𝑎 < 0 then, the 
total concentrations of populations in each of the statuses converge to the 
admissible values; thus, there will be no danger of the development of an epidemic, 
as the disease still exists, it will remain under control. 
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 Example: Let the following system simulate the process of coronavirus 
infection in a given population. 

 

⎩
⎪
⎨

⎪
⎧ 𝑖𝑖1

′ = −2𝑖𝑖13                                                
𝑠𝑠1′ = 3𝑖𝑖𝑠𝑠1 − 10−7e12𝑠𝑠1                            
𝑒𝑒1′ = −3𝑖𝑖𝑒𝑒1 − 10−3𝑒𝑒1s12                        
𝑟𝑟1′ = 10−20𝑖𝑖1 − 10−3𝑟𝑟1                        

  

 
With the initial conditions, 
 
𝑖𝑖1(0) = 𝑖𝑖10, 𝑠𝑠2(0) = 𝑠𝑠10, 𝑒𝑒1(0) = 𝑒𝑒10, 𝑟𝑟2(0) = 𝑟𝑟10 

Figure1 

                                                                       
Figure 1 Graph of 𝒊𝒊𝒊𝒊 with respect 𝒕𝒕.  

 
Figure 2 

                                                                       
Figure 2 Graph of 𝒓𝒓𝒊𝒊 with respect 𝒊𝒊𝒊𝒊 

 
Note 3: From the graph of Figure 1, from the example, it can be seen that the 

concentration of the infected population decreases over time, this result 
corresponds to reality, as these values will decrease over time due to treatment, or 
personal immunity, because here the conditions of theorem4 are satisfied.  

Note 4: From the graph in Figure 2, from the example, it can be seen that the 
concentration of the recovered population grows to a maximum value as a result of 
the treatment or the immunity of certain members of the population, this is in line 
with reality, as the conditions are met. of stability. VI.  

 
3. CONCLUSION  
1) Due to the danger to human life, it is of paramount importance to study the 

characteristics of the coronavirus, the forms of transition and the methods 
of combating the disease, which would allow a more effective treatment for 
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patients; this is more evident nowadays with the appearance of multiple 
waves, which represents a renewal of the disease. 

2) Historically, there have been diseases that, due to their propagation, have 
become epidemics, but never with the danger of the coronavirus; and 
worse with the appearance of new strains linked to multiple waves. 

3) If the conditions 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3,4, 𝑛𝑛1𝑛𝑛2 > 𝑛𝑛3 and 𝑛𝑛3(𝑛𝑛1𝑛𝑛2 − 𝑛𝑛3) > 𝑛𝑛12𝑛𝑛4,  
are satisfied then the total concentrations of the populations 
corresponding to infected, susceptible, recovered and exposed converge to 
the ideal concentrations. 

4) If 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3, 𝑛𝑛1𝑛𝑛2 = 𝑛𝑛3 and 𝑛𝑛4 = 0 if there is a critical case for which 
it is necessary to use the qualitative theory of differential equations to 
reach conclusions regarding the studied process. 

5) Theorems 3 and 4 give the technique to be followed to simplify the system 
corresponding to the model that simulates the infection process by means 
of the coronavirus, in the case where there is a critical case indicated above. 

6) If 𝑛𝑛𝑖𝑖 > 0, 𝑖𝑖 = 1,2,3, 𝑛𝑛1𝑛𝑛2 = 𝑛𝑛3, 𝑛𝑛4 = 0, 𝑉𝑉 < 0, 𝑠𝑠  odd and 𝑎𝑎𝑘𝑘 < 0, then in the 
critical case considered, the total concentrations of the infected, exposed, 
recovered and susceptible population converge to the admissible 
concentrations and in this way the infection process would be controlled. 

7) Graphs 1 and 2 show in practice that under the conditions of theorem4 the 
total concentrations in each of the statuses converge to ideal values, so 
given the disease, once a set of data has been determined, it is necessary to 
concentrate the resources of science to achieve that these conditions are 
met and thus prevent the development of the epidemic. 
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