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ABSTRACT

This article introduces a four-parameter probability model which
represents a gener- alization of the the Gamma-Gompertz distribution
using the quadratic rank trans- mutation map. The proposed model is
named the Transmuted Gamma-Gompertz distribution. We provide
explicit expressions for its statistical properties, moment generating
function, quantile function, the order statistics, the quantile function and
the median. We estimate the parameters of the distribution using the
maximum likelihood method of estimation.

1. INTRODUCTION

In probability and statistics, the Gamma-Gompertz distribution is continuous proba- bility distribution, it has
been used as an aggregate-level model of customer lifetime and a model of mortality risks. if X denotes a random
variable, the cumulative density function (CDF) and the probability density function (pdf) of the Gamma- Gompertz
distribution with b a scale parameter, and s, 3 are shape parameters, are respectively given by;
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Where x >0, the scale parameter b>0 and the shape parameters s, 3>0.

If B = 1, the distribution reduces to the exponential distribution with parameter

sb.

Shaw07 studied the quadratic rank transmutation map (QRTM) and in recent times, several authors have used
the understanding to generalize several known the- oretical models. For instance, aryal13 generalized the Weibull
distribution using the QRTM and named the resulting distribution the Transmuted Weibull distribution. Inthe same
manner, the Transmuted Rayleigh distribution by merovcil3, Trans- muted Exponentiated Modified Weibull
Distribution by ashour13, Transmuted Mod- ified Weibull distribution by khan, Transmuted Lomax distribution by
cord, Trans- muted Exponentiated Gamma distribution by hussian, Transmuted Inverse Rayleigh distribution by
ahmad, Transmuted Pareto distribution by puka, Transmuted New Modified Weibull distributions vardhan16.
Transmuted Inverse Exponential Distri- bution by ognto. alzoubi proposed Transmuted Mukherjee-Islam
distribution as a generalization of Mukherjee-Islam distribution.

2. THE TRANSMUTED GAMMA-GOMPERTZ DISTRIBUTION

Starting from an arbitrary parent cumulative density function G(x), a random vari- able X is said to have a
transmuted distribution if its CDF is given by;

F(z) = (14 ))G(z) — \G(z)? (3)

Deriving Equation (3) with respect to x, we get
f(2) = g(a)[(1+ A) = 2AG(a) o

Where |A| < 1, g(x) and f (x) are the associated pdf of G(x) and F (x) respectively. Notice that if A = 0; Equations
(3) and (4) reduce to the parent distribution. Hence, a random variable X is said to have a Transmuted Gamma-
Gompertz distribution with parameters b, s, 3 and A if its cumulative density function is given by:

| G oy

F(z) = (1+/\)(1—m)‘/\(1‘m)
| B° . - 3
[“m l“"‘(l‘mﬂ

_ | B . ABS
B RS RS | R e e

The corresponding pdfis given by;

(5)
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forx>0,b,s,f>0and |A| < 1.
Where b is the scale parameter, s,  are shape parameters, A is the transmuted parameter.
For s =1 and B = 1, this distribution reduces to Transmuted Exponential Distribution.
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Figure 1: The pdf and the CDF of the TGG random variable withA=-1,-0.5,0,0.5,1,b =s = 2 and for
different values of 3.

3. RELIABILITY ANALYSIS

In this sub-section, we present the reliability function and the hazard function for the proposed TGG
distribution. The reliability function is otherwise known as the survival or survivor function. It is the probability that
a system will survive beyond a specified time and it is obtained mathematically as the complement of the cumulative
density function (CDF). The survivor function is given by;

S(z)=P(X >z) = /1 flu)du =1—F(z)

Hence, we present the reliability function of the TGG distribution as:

as ASF
1+
I:_E—I—E'brjs w_l_etlx:]s
The hazard function is otherwise known as the hazard rate, failure rate, or force of mortality. It is obtained
mathematically as the ratio of the probability density function f (x) to the survival function S(x).

Sj.:“.'(_‘:’:}: 1- 1-

_ S o )
S(x) 1-F(x)

We thus present the hazard rate for the proposed TGG distribution as;

h(x)
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Figure 2: The reliability and hazard functions of the TGG random variable when A=-1,-0.5,0,0.5,1,b=s=2
and for different values of f3.

4. MOMENTS AND ASSOCIATED MEASURES
This section provides some of the statistical properties of the TGG distribution.
4.1. MOMENTS

Let X be a TGG distribution. Then the rth moment of X, E(Xr); is defined as

NEED 28R
(3+L T T (25 + k)L

E(X") = (r+1 Z (B-1)*

oo
k=0

(7
EX") = /0 2" f(z)dz
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let v = b(s+ k)x and let w =b(2s + k)z
then » = gt and = pmir
de = & . dr = pi

Bl=+k] B(2s+k)
ifr=noc—r=mc . T=00 — W= 00
andr=0—v=0 |, r=0—w=>0
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Therefore, the first and the second moments, E(X) and E(X2), are computed by substituting r = 1 and 2 in
Equation (7). The two moments and the variance, var(X) are; respectively, given by:

s X - '31 3 r?sl
B(X) — hizll (5 )+z,u( )]H—l}“

| (s A}“’ (25 + k}
a9 28fF = _(I—A)(_i_l}' 208°(77; ! ]'_ 2 1k
EX%) = = A_Z:%} 5+ k)3 (25+R (F=1)
o’ = E(X?)-E(X)
2885 _{I—A}(_i—l} 228° (% =] . Y
- Tg} GrR® (ESH _(d Y
‘vlf-'g oo [ 1_)\ —s5—1 2)" fg }'5 1 2
B s3 Z ( )[ k ) ( } (B —1)F
b =] (s+k)? {2,5+L)9

4.2. COEFFICIENT OF VARIATION

The coefficient of variation (CV) is the ratio of standard deviation ((o) to mean (i). The main purpose of finding
is used to study of quality assurance by measuring the dispersion of the population data of a probability or frequency
distribution, or by determining the content or quality of the sample data of substances. The method of measuring
the ratio of standard deviation to mean is also known as relative standard deviation often abbreviated as RSD. It only
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uses positive numbers in the calculation and expressed in percentage values. Therefore, the resultant value of this

formula CV
= (Standard Deviation (o) / Mean (u)) will be multiplied by 100. CV is important in the field of probability and

statistics to measure the relative variability of the data sets on a ratio scale. In probability theory and statistics, it is
also known as unitized risk or the variance coefficient.

cv = Z
L
_ L VEXY) - (EX))?
E(X)
L [EGR) - (B0
VT EX)
[ E(z22)
= :|: { —l
\ &)
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4.3. SKEWNESS AND KURTOSIS

A fundamental task in many statistical analyses is to characterize the location and variability of a data set. A
further characterization of the data includes skewness and kurtosis. Skewness is a measure of symmetry, or more
precisely, the lack of symmetry. A distribution, or data set, is symmetric if it looks the same to the left and right of

the center point.

E(X —pu)® E(X*-3E(XYp+ 242
a3 - o3

Sk(X) =
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Kurtosis is a measure of whether the data are heavy-tailed or not. That is, data sets with high kurtosis tend to
have heavy tails, or outliers. Data sets with low kurtosis tend to have

Table 1: The mean, standard deviation, skewness, kurtosis and the coefficient of variation of the TGGD

random variable for different values of A\ whenb=s==2

A p=E{X) o Skeunesa Kurtozis CV (%)
1 0.308 D.253 T.152 1026 63.628
0.9 0.385 0.254 1.148 4.900 66.040
0.8 0.373 0.255 1.154 4.809 68.447
0.7 0.360 0.255 1.170 4.923 70.851
0.6 0.348 0.255 1.194 4.972 73.251
0.5 0.335 0.254 1.225 5.051 75.646
0.4 0.323 0.252 1.263 5.152 78.032
0.3 0.310 0.249 1.307 5.286 80.405
0.2 0.208 0.246 1.357 5.453 82.755
Lwhite!20lyellow!30white! 20lyellow!30  ~0-1 0.285 0.243 1.413 5.656 85.072
0 0.273 0.238 1.474 5.800 §7.339
0.1 0.260 0.233 1.540 6.187 80.533
0.2 0.248 0.227 1.612 6.524 01.621
0.3 0.235 0.220 1.688 6.917 93.559
0.4 0.223 0.212 1767 7.360 95.282
0.5 0.210 0.203 1.848 7.881 06.608
0.6 0.197 0.193 1.925 8.438 97.673
0.7 0.185 0.181 1.987 8.990 98.007
0.8 0.172 0.168 2.010 9.376 97.387
0.9 0.160 0.152 1.032 0.080 05.306
1 0.147 0.134 1.572 6.275 090.878

light tails, or lack of outliers.
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4.4. MOMENT GENERATING FUNCTION

Let X be a TGG random variable. Then the moment generating function (mgf) of a random variable X, MX (t) is
given by:

ey (L=N(FY | 28 (5
Mx (t) = s ZMZ(.&) (Hk( kl) + {23+(k m+3 (8-
m=0 k=0
proof:
Mx(t) = E(e)
= / e f(z)dr
0

Zotm (B T(m+1) o= [ (L=XN(75") 228 (7% .
= ZT( b Z[ (s + k)ym+t +(28+k)m+ll{'3_1)k)

m=0 k=0
. o0 gm 11 oo (1_/\} —s‘—l 2/\35 2s5—1 , ‘
= sf mZ::G E%(gg {S—I—kgmil) + (28 +(ﬂ)m+2](-d_1}k)
I e e 1-ND 28 (50
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4.5. THE QUANTILE FUNCTION AND MEDIAN
The Quantile Xq of the TGGD is the real solution of the equation;

X, = nla—pes/ 2\
T A PN RRV/D Wy Y DYy

proof:
Plx<z,)=q 1.eF(z,) =q

[ " fa)dr =g

<0
-1 £ 1+
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let
(8) v=pB%(8—1+eb*a)s
then
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M —-(1-A)y+(g—1) = 0
By solving this equation with respect to y, we get:
(A=A —4A(g—1)
T 2\
from 8 and 9
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2A
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Hence, the median of the distribution is derived by substituting q= 0.5 in the equation. That is,

X —15;-:_{1—3)+5~~-/J 2A
0= S VO NS DIEERV/p s Y ))

1 [ ] 2
I '3\/ A—D V1

5. MAXIMUM LIKELIHOOD ESTIMATION

The maximum likelihood estimates, MLEs, of the parameters that are inherent within the TGG distribution
function is given by the following: Let X1, X2, ..., Xn be a sample of size n from a TGG distribution. Then the likelihood

function is given by:

L

ﬁf{ri;b,s,_ﬂ, A)

1
bseb®: 35 LA+ 2A3°
{-3 1+ Eb$1)5‘+l {3 —14 E;Era:g)s

T 113

= (bspe) et Zm = [[(B -1+ €)' ] [1 — A+ 2AB5 (B — 1+ o)

1=1 1=1

=

T

i=1

Hence, the log-likelihood £ : function = InL. become

(= n IndsB)+b) zi+(—s—1)" ) In(f—1+ ")

1=1 1=1
+ Y in [1 A4 2XB%(B — 1+ ebm) 2!
i=1

Therefore, the MLEs of b, s, B and A which maximize (10) must satisfy the following normal equations:

246
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The maximum likelihood estimator 8" = ("b, s", 37, 1") of 8 = (b, s, 3, A) is obtained by solving this nonlinear system
of equations.

6. ORDER STATISTICS

In statistics, the kth order statistic of a statistical sample is equal to its kth smallest value. Together with rank
statistics, order statistics are among the most fundamental tools in non- parametric statistics and inference. For a
sample of size n, the nth order statistic (or largest order statistic) is the maximum, that is X(n) = max X1, X2, ..., Xn
.The sample range is the difference between the maximum and minimum. It is clearly a function of the order statistics
Range {X1,X2,...,Xn}=X(n) - X(1). We know thatif X (1) <X (2) <...< X(n) denotes the order statistics of a random
sample X1, X2, ..., Xn from a continuous population with CDF FX (x) and pdf fX (x) then the pdf of X(j) is given by:

!
(J —Dn—j)!

fole)= fofpe]” 1~ ro]”

forj=1,2,...,n
The pdf of the kth order statistic for TGG distributions is given by:

7! bse’* 3 2\ 3%
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Therefore, the pdf of the largest order statistic X(n) is given by
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and the pdf of the smallest order statistic X (1) is given by
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7. ENTROPY

fm(l‘}

Given a sample of probabilities pi,
n
1=1

The R’enyi Entropy renyi of the sample is given by:

1 1
H,(p) = In) pf
i=1

1-p

1 - nbseb* 3 273" P
1= Pm; ((ﬁ — 1 + ebz)stl [1 —AT (B-1 +ebm)sD

The R’enyi entropy tends to Shannon entropy shanon as p -— 1.

Hi(pi) = —) pilnpi
=1
- nbseb®: 3 235
- ; ((,3 — 1 4 ebme)s+1 [1 —AY (B—1+ efm}s]

] nbse®™ 3 s 2M3°
n (B—1+ ebzi)s+1 (B—1+ Eba:f)s
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