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Abstract 

This study explores understanding of function concept amongst 310 grade 11 science stream 

students in one administrative zone of Ethiopia. A test that included tasks given in different 

representations, about definition, about examples of functions in word description and applications 

of properties of functions was administered. Lesson observation and interview was also used for 

triangulation. Results have shown that limited mental image of approach to functions, fragmented 

conceptions and dependence on ordered pairs, limitation in algebraic manipulation, limitation on 

converting word expression into mathematical expressions, confusing combination and 

composition, unnecessary interchanging order of operations during algebraic manipulations and 

drawing graph without considering sufficient points were observed difficulties. Whereas, a relation 

is a function if it has algebraic expression, overgeneralization that a representation is a functions 

if it is symbolized as an ordered pairs, and considering every point of discontinuity as an asymptote 

were identified misconceptions. Thus, special attention should be given in the teaching-learning 

to overcome identified difficulties and misconceptions. 
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1. Introduction

The function concept is one of the vital concepts in mathematics which is taught from elementary 

to advanced level (Carlson & Oehrtman, 2005). Due to its significance to the learning and 

understanding of further mathematics, it is able to get major attention from research community in 

mathematics education (Carlson & Oehrtman, 2005; Hansson, 2006). 

According to Carlson and Oehrtman (2005), good understanding and background of the function 

concept is fundamental not only for mathematics but also in sciences, engineering and technology 
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fields of study. A deep and adaptable knowledge of the function concept is essential pre-request 

to be successful in calculus, which in turn is a vital to be successful in most undergraduate fields 

in natural science, engineers, technology and business (ibid). The other importance of the functions 

concept is also apparent in the course of its large connection with other mathematics concepts 

(Hansson, 2006). Thus, developing an understanding of the concept should have to include a 

comprehension of its relations and connection with the other concepts. 

 
Even though the function concept has such importance in the teaching-learning of mathematics, 

there are many challenges in students to understand this concept. Research in different context of 

teaching-learning revealed that good number of students do not gain the required and matured 

understanding of this basic concept (Nguyen & Tran, 2014). Students develop a range of 

difficulties and beliefs that vary from interpretation of symbolic notions to conflicts stemming 

from the representation of functions (Thomas, 2008).  

 
From constructivist learning theory point of view, understanding of a concept is based on prior 

experience. Besides, in every discipline concepts are basis for further learning and development 

of a subject. This particularly is true of mathematics for it is highly sequential by its nature. The 

understanding of subsequent concepts is hardly possible if pre-requisite concepts are not clearly 

established. For example, a student cannot understand the concept of rational function before 

understanding the concept of rational numbers. Similarly, it is hardly possible to understand the 

concept of limit, which is the most fundamental concept in calculus, before clearly understanding 

the concept of function which is a necessary condition for understanding derivatives.  

 
The general objective of the study is to examine grade 11 students’ difficulties and misconceptions 

in learning mathematical function concepts in one administrative zone of Ethiopia.  

 
Specifically, the study has the following objectives (I) investigate students’ difficulties and 

challenges in understand mathematical function concept, (II) identify common misconceptions 

that students form in coming to understand mathematical function concept. 

 
2. Review of Related Literature 

 
This study is an attempt to examine students understanding of the function concept vis-a- vis 

analyzing their ability to apply and the extent they make connection among different forms of 

representations of the notions, their mental image on examples and non-examples of function, and 

their ability to apply properties of functions on given tasks. Having a constructivist theoretical 

viewpoint of learning, the focus of attention is how do students’ construct meaning and 

understanding of mathematical concepts based on their prior experience and current learning 

context. According to Elia and Spyrou (2006, p.256) understanding of the function concept 

incorporates the following three fundamental components: “defining the concept, giving examples 

of the application of the concept in everyday life, identifying functions in different modes of 

representation, and changing systems of representation”. In this section of the study, review of the 

key terms of the study i.e. concept image and concept definition, representation, and misconception 

were presented.  
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2.1. Concept Image and Concept Definition 

 
Concept image and concept definition are terms associated with most studies in conceptual 

understanding of a topic in mathematics. Accordingly, concept image is all cognitive structure that 

students build for each mathematical concept (Tall & Vinner, 1981). On the other hand, concept 

definition is a proper definition of the concept (given by the scientific community and available 

on school resources).  In short, it is a form of words that specific the given concept. Tall and Vinner 

(1981, p. 152) explain concept image as “the total cognitive structure (in an individual’s mind) 

that is associated with specific mathematical concept”. It consists of all cognitive structural pieces 

and related properties and processes of a concept that a learner made through her/his meet with the 

concept. It is not one time construct, but matures over time through all kinds of exposure and 

modifies as the individual assemble new experience.  The construction is also individual and every 

student has his/ her own distinctive concept image. So, an individual may invent concept definition 

to describe his/her concept image. Therefore, an individual concept image of a given concept may 

much or mismatches its concept definition.  

 
According to Vinner (1983), all mathematical concepts apart from postulates and axioms have 

proper definitions. Students introduced to these definitions in the meantime of their school years. 

But they does not essentially use these definitions when dealing whether a given mathematical 

concept to solve a given exercise or problem. Usually, she/he reacts based on her/his concept 

image. The student’s concept image is a product of her/his experiences with examples and non-

examples of the notion. Consequently, a mathematical object recognize as an examples of the 

given concept by the student may not be essentially the same as that settle on the concept definition. 

Whenever these two constructs are different, what student’s performance possibly will differ or 

deviate from what a teacher wait for.   

 
Cornu (2002) has studied the implications of the mismatch between this concept image and 

concept definition for the learning process; by saying students face difficulty because of the 

concept image is incomplete or is insufficient to deal with a given incident. In other words, the 

student has a point of view (due to their cognitive construct) that is too narrow, too exclusive, and 

thus inappropriate for dealing with a given situation or for solving a given problem. When there is 

such a mismatch of concept image and concept definition, students not only face difficulty in their 

current situation but also on their further learning of the concept or solving problems. This can be 

observed in students’ verbal or written task (homework, assignment or class activity).  Recognizing 

topics of difficulty in which students demonstrate systematic and persistent errors and designing 

alternative approach to enhance understand supposed to be a major focuses of attention of teachers 

at each level of teaching mathematics (Drlik, 2015). 

 
2.2. Representations in Learning the Function Concept 

 
Thomas (2008) expressed the importance of representation in mathematics as much of 

mathematics is about what we can learn about concepts through their representations or signs. The 

function concept usually introduced as a special type of relation using numerous form of 

representations- ordered pairs, Venn diagrams, tables, graphs, algebraic descriptions or word 

expressions. All these approaches to introduce the concept have both positive and negative 

consequence on students understanding of the concept depending on students learning style 
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preferences. For instance, the ordered pairs approach is pedagogically the weakest and non-

intuitive which appeal to all kinds of logistic and epistemological problems (Eisenberg, 1991).  

Usually, students lack to make the connection that all representations communicate the same 

information in different forms. Supporting this, Sierpinska (1992) mentioned that students have 

difficulties not only in recognizing relations among various representations of the same concept 

but also in interpreting representations and operate symbols related to functions. Lambertus (2007) 

seems more aware to the difficulty of making connection among these representations. She state 

that “making connections between the representations leads a student who can claim a circle is 

function because it has a mathematical name in the verbal or symbolic representations and then 

can look at the graph of a circle and claim that it is not a function because the graph does not 

extend toward infinity or pass the vertical line test” (p.14). 

 
Most studies in the topic of representation are associated with the theme “compartmentalization” 

in teaching. Teachers approach which characterized as compartmentalization discloses a cognitive 

difficulty that occurs from lack of making association and bring about flexible of conversion back 

and forth among various mathematical representations of the same concept (Duval, 2002; Elia & 

Spyrou, 2006), which according to Thomas (2008) is the central part of mathematical learning.  

 
To introduce a concept teacher, use representations. To represent a concept involves producing an 

illustration, example (non-example) or mental image of it (Dreyfus, 1991). The subsequent 

learning of a student largely depends upon this mental image and the learning context (mainly, the 

teachers’ approach and nature of activities provided). Based on this exposure, students’ notion of 

a function may be develop to actions to be interiorized, process to be encapsulated or as an object 

to be manipulated both as process and concept (Cottrill et al., 1999).  The key component in 

learning of a mathematics concept is related to the encapsulation of processes into objects (Sfard, 

1991). 

 
2.3. Misconceptions 

 
Misconception happens when there is mismatch of concept image and concept definition or 

different concept image of the same concept co-exists. For example, students may not fully 

comprehend the concept definition of function. So, they form their own concept image which is 

either partially or totally different from the formal definition. This lack of understanding the 

definition leads in one or another time causes contradiction in students’ mental structure of the 

concept (DeMarois, 1996; Slavit, 1997; Vinner & Dreyfus, 1989). At their early exposure to the 

definition, students are usually establish to a formal definition of function “correspondence 

between two non-empty sets that assigns to every element in the first set (the domain) exactly one 

element in the second set (the co-domain)” (Vinner & Dreyfus, 1989, p.357).  This definition is 

not only one of its kinds. An investigation of mathematics textbook exposed several of such 

definitions for the function concept. Lambertus (2007, p. 28) summarized definitions for function 

found in texts as follows:  

 a function is a relation in which no two different ordered pairs have the same first 

coordinate;  

 a variable y is a function of a variable x if each value of x determines a unique value for y;  

 a function is a relation that pairs each element in a domain D with exactly one element in 

a range R;  
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 a function is a correspondence between a first set, called the domain, and a second set, 

called the range, such that each member of the domain corresponds to exactly one member 

of the range;  

 a function is a correspondence that matches each input value with exactly one value of the 

output variable. 

 
Whichever definition is used, the students take action based on their concept image and it is not 

obligatory to use the formal definition. Once introduced the definition, the teacher continue the 

lessons via illustration, examples and non-examples to assist the students understanding. All these 

efforts assist students to strength their concept images and as a result, they react based on this 

concept images whenever necessary. This involves learner’s internal construction and sense 

making of their natural thoughts and experiences. This actively creation of concept image or 

mental construction of knowledge out of experiences is fully individual (and influenced by the 

context). Whatever the depth and breadth, there will be a concept image.  The maturity of this 

concept image depends on their own experience, the nature of examples, assessments, and 

worksheets provided by the teacher and the nature of text and reference books and so on.  

 
When students perform a task, they usually make two types of errors. The first types are neither 

conception nor the result of conception, rather result of processing and are simple and quick to 

overcome them (Amatangelo, 2013). The second are result of reasoning on the part of the learner. 

These types of errors which are result of reasoning, and that will happen repeatedly when the 

individual is in particular situations, are indications of alternative conceptions or misconceptions. 

Thus, misconceptions are underlying conceptual structures which cause errors which in turn lead 

to wrong conclusion during problem solving (Amatangelo, 2013).  

 
Misconceptions can be detected from learners’ response to test items or class activity and if well 

managed in order to reconcile results success in learning otherwise can be an obstacle and causes 

dissatisfaction. Although it is not possible to prevent misconception from arising, considerable 

efforts must be applied to overcome or reduce them.  

 

3. Materials and Methods  

 
The stated research questions of this study are empirical data demanding. Hence, both qualitative 

and quantitative approaches particularly descriptive survey method have been employed on the 

ground that it is found to be helpful to obtain relevant information on the actual issue under study. 

The quantitative approach is meant for quantifying data generated in terms of frequency and 

percentage, while qualitative approach is used to provide detailed description of the data to help 

the researchers explore and distinguish inherent information. 

 
Sampling: The sample frames of this study were eleven preparatory schools in the Zone. In the 

eleven schools there were a total of 2670 grade 11 science stream students. The schools had used 

as strata so as to determine the sample that were taken from each school. The sample size for the 

test was determined using random samples table (Cohen, et al., 2007). Accordingly, 333 students 

were selected. After careful diagnosis of the test script, 310 of them were selected for the analysis.    
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Data collection instrument: Students’ achievement test was the major data collection instrument. 

Test items of both closed ended and open ended were prepared. The closed ended respond was 

made to identify areas of misconception while the free respond was meant to investigate in depth 

analysis skill of student understanding the function concept. Taking in to account the purpose of 

the test, most items were taken from previous studies in the field (internet source) and some others 

prepared by the researchers. After the items were selected and prepared, modifications were made 

based on evaluation held by panel of experts and pilot test. In addition, classroom observation and 

students’ interview were used for triangulation purpose. Based on information from students’ test 

script, eighteen students were selected and Semi-structured interview were carried out.  

 

Data analysis: To analyze the test result, first subjects’ scripts for each item were categorized as 

correct, incorrect and no response. The number of students in each category for every item was 

quantitatively described using percentage. Second for each item the subjects’ script were identified 

and analyzed by looking for the wrong choice, wrong working or strength in justification. Since 

these wrong answers constitute way of conception, misconception and origins of misconceptions 

that they have. The data were read over and over again to get an overall picture to the type of 

responses that the subjects were given to examine the conceptions and misconceptions. The test 

result together with result from the actual classroom observation and student interview were used 

to draw conclusion.  

 
4. Result and Discussion 

 
The analysis proceeds in the order of the items in the test i.e. representations (4.1), definition and 

examples of function versus non-function (4.2), properties of functions (4.3) followed by graph of 

functions (4.4). Where relevant, interview and classroom observation extracts were also included 

to support the discussion.  

  

4.1. Students Understanding of the Function Concept in Different Representations 

 
Item 1.1 and 1.2 were aimed to test students’ conception of function using ordered pairs. Item 1.1 

represent a function were as item 1.2 does not. Almost 80% of them responded to both items 

correctly. Though the items were closed ended, students were asked to write their reason of choice. 

Some of the correct justifications from students’ scripts are the following (table 1 presents 

summary of response to item 1): 

 
Table 1: Summary of students’ response to item 1 

Item number Alternative         N=310 Total 

Correct Incorrect Non-respondent 

N % N % N % N % 

1.1 251 80.9 50 16.1 9 2.9 310 100 

1.2 242 78 59 19 9 2.9 310 100 

1.3 246 79.4 44 14.2 20 6.4 310 100 

1.4 221 71.2 80 25.8 9 2.9 310 100 

1.5 230 74.1 66 21.3 14 4.5 310 100 

1.6 155 50.0 135 43.5 20 6.4 310 100 

1.7 190 61.3 109 35.1 11 3.6 310 100 
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G04: because the given ordered pair is the type of many to one order pairs and the 1st items is not 

paired with two 2nd items. 

 
: because the 1st item (2) is paired with two 2nd items, it is one -to - many. It is not allowed. 

F10: because x is not repeated. 

 
 : because x is  repeated.  

 

 
Figure 1: Student U17 evidence of reasoning style 

 
Accordingly, the reason given to their answers was based on inspection of the domain (whether a 

domain element is mapped to more than one range element or not). Figure 1 is an evidence of this 

reasoning style from one student’s test script. This kind of conception agrees with definition on 

students’ text and the one given by Bello (1998, p.124) “A function is a relation in which no two 

different ordered pairs have the same first coordinate”. 

 
Thus, students are successful in differentiating whether a representation is a function or not given 

in ordered pairs but a good number of them also developed overgeneralization that all functions 

have to be represented as ordered pairs. This result agrees with what Lambertus (2007) concerned 

about Bello’s chose to define a function in terms of ordered pairs when she state that it may lead 

to think that all functions have to be represented as ordered pairs.  

 
Item 1.3 and 1.4 were aimed to test students’ conception of function using Venn diagram. Item 1.3 

does not represent a function were as item 1.4 does. As the data in table one reveled, 79.4% of 

them responded to the former correctly, whereas 71.2% of them responded correctly to the later. 

Still by inspection of the domain is the reason mentioned as justification to their decisions.  

 
The third category, item 1.5, 1.6 & 1.7 were aimed to test students’ conception of function using 

algebraic expression. The first two does represent a function were as the third does not. 

Accordingly, 74.1%, 50% and 61.3% of them responded correctly to the three items respectively. 

From the reasons given to their response, it is observed that even those who responded correctly 

have provided wrong justifications. Some of the responses from students’ scripts are the following:  

G34: yes, it is one to one function, when we test in the horizontal line it cross only one time. 

: yes, it is many to one. 

: no, because for negative values of x it has no y value b/c in the radical –ve numbers didn’t   exist. 

U18: yes, since linear equations are functions 

      : (not answered) 

      : not, for one member of x, there is two members of y-value due to these reason it is not 

function.  
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Figure 2 present student G01 evidence of reasoning base on vertical line test 

 
Figure 2: Student G01 evidence of reasoning base on vertical line test 

 
Difficulties observed from subjects’ were summarized as follows: the believe that linear and 

quadratic equations are functions; equations in explicit form are functions; if the domain and range 

(input-output) are all real numbers then it represent a function; difficulty of recognize function of 

more than one formula; instead of justifying, replacing constants for the variables or giving 

examples of similar equation that they know. 

 
Conception that was observed during interview was that a necessary condition to be a function is 

to contain two variables (particularly, x and y) and a good number of them have confused to 

determine linear equations of one variable as a function, whether the variable is x or y; particularly, 

𝑦 = 𝑎 (constant function, for instance, y=3). Of course this is not well covered in algebraic form 

in students textbook but there are some graphs of this nature. With this regard, those who use the 

vertical line test were more successful.  

 
In general, students’ conception of function concept is more of ordered pairs than others. Even to 

decide the representation given in Venn diagram and equation, students prefer to make ordered 

pairs and see the frequency of the first order pair. Though good number of subjects’ conception 

agrees with the formal definition on their text, they were not seen to mention or refer the definition 

as a justification. This may be the tendency of teachers rely more on counter examples to introduce 

the concept of functions, as witnessed during the classroom observation. 

 
Thus, from all the above facts, it is possible to draw the conclusion that most students have no 

flexibility in their approaches to function representation; rather a univalent dependence on ordered 

pairs, and limited mental image of function representation are observed difficulty of students. 

Overgeneralization that all functions have to be represented as ordered pairs and piecewise 

function is actually distinct functions are also observed.  

 
4.2. Students’ Definition and Examples for What A Function is  

 
Definitions and examples given by students expose their concept image. Content analysis of the 

definition or examples can imply students’ difficulties or misconceptions. Function is defined in 

Ethiopian grade 11 text books as follows “A function is a relation in which no two distinct ordered 

pairs have the same first element. A function is a relation in which no two of the ordered pairs in 

it have the same first element” (p. 9, 35)”. The aim of item number 2.1 was to examine how 

students define a function. Table 2 presents summary of response to item 2.  
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Table 2: Summary of students’ response to item 2 

Item number Alternative         N=310 Total 

Correct Incorrect Non-respondent 

N % N % N % N % 

2.1 130 41.9 153 49.4 27 8.7 310 100 

2.2 93 30.0 181 58.4 36 11.6 310 100 

2.3 90 29.0 164 52.9 56 18.1 310 100 

2.4 234 75.5 69 22.3 7 2.2 310 100 

 

According to the data in table 2, 91.3% of respondents try to answer item 2.1. But only 41.9% of 

them succeeded in doing so. The remaining, instead of answering as per requested, they tried to 

do one of the following: provided an example (of course some of them are not correct); wrote 

properties or categories of functions; wrote incomplete statement. Accordingly, some counter 

cases are the following: x is a father of y; all functions are relations but all relations are not 

functions; a relation of variables and numbers; a set of ordered pairs; one to one or onto functions; 

function is the set of ordered pairs; function is a relation with different first coordinate. Figure 3 is 

an evidence of students’ definition taken from their test script.   

 

 
Figure 3: An evidence of students function definition 

 
Thus, confusing definition, example, and properties of a concept is observed difficulty. This is 

may be due to availability of fragmented concept image.   

 
Item 2.2 and 2.3 were elementary but unusual to students’ exposure. Both items represent a 

function. As shown in table 2, besides less correct response, this category has immense non-

response rate. This reveals that students’ depth of understanding is not enough to extend to non-

familiar exercise. As witnessed from classroom observation and students text book students have 

no exposure to such kind of items. Only 30% and 29% of students responded correctly to the items 

respectively. Even those who responded correctly have limited to give justification to their 

argument. Justifications both from correct and non-correct respondents are summarized as follows: 

the inputs are not the same as the outputs, domain (first digit or order pair) is repeated, a letter 

cannot be a domain or letters cannot be mapped to a numbers, there is no equation to represent this 

relation. 
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Among subjects, who said item 2.3 is not a function, were interviewed and one of them is presented 

as follows: 

R: does {(𝑚, 2), (𝑎, 2), (𝑡, 2), (ℎ, 1), (𝑒, 1), (𝑖, 1), (𝑐, 1), (𝑠, 1)} represent a function? 

W23: yes (after doing some mapping) 

R: but you said this is not a function (showing him item 2.3 on the test paper) 

W23: that is different from this. 

R: are you sure?  

W23: I think so.  

R: let us do it together. Take one word (moment of silence). Let us take ‘mathematics’, then 

accordingly, we map, how many m we have . . . 

W23: yes, really it works (it is convinced that the example given here is the same as the item on the 

test paper). 

 
Thus, besides the tendency to rely on ordered pairs approach, one difficulty is conversion of the 

word expression into mathematical expression.  

 
Item 2.4 were aimed to examine whether students can construct or give example of a function from 

their own and if so, to examine the distinctiveness of the examples. Shown in table 2, this item is 

unique in that it has high respondent rate. Of course, 75.5% of them were correct answers. But the 

nature of the examples revealed that students’ concept image of what a function is very narrow. 

Accordingly, the total 313 examples mentioned by respondents, have the following categories and 

distributions. Table 3 is summary of students’ examples of function in four categories. 

 

Table 3: Summary of students’ examples of function 

Representation Frequency Remark 

ordered pairs 134 order pair of integers, integers and letters 

algebraic expressions 115 most of them polynomials (linear) 

Venn diagram 37 of integers, integers and letters 

word expressions 27 most of them were of the form “y is father of x” 

 

Only three students gave a different example (the sigma (Weierstrass sigma) and the greatest 

integer functions, power and exponential functions). There are also respondents who tried to write 

definition of function, properties of functions, type and categories of functions instead of giving a 

specified example as requested. Figure 4 is evidence from two students’ scripts about examples of 

function.  

 

 
Figure 4: Two students’ (W16 & F19) scripts about examples of function 
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The result of item 2 revealed that most students concept image of function was not matured enough 

to described in the form of words, extended to unfamiliar contexts, and to provide variety of 

examples. This reveals not a mere language problem, rather level of conceptual knowledge (an un-

matured concept image and fragmented conception). According to Vinner and Dreyfus (1989) in 

most cases students decides on the basis of a concept image. Thus, students’ un-matured concept 

image of function is one cause of students’ confusing definition, properties, types and examples of 

functions. 

 
4.3. Students’ Knowledge of Using Different Properties of Function  

 
Item 3 was aimed to explore students’ procedural and conceptual understanding. Item 3.1 require 

simple computation of composition of two functions in algebraic description whereas item 3.2 and 

3.3 using non-algebraic description. On the other hand Item 3.4 require reversing this action i.e. 

given a composition and one of the individual function, then to extract the other from the 

compound function. Table 4 presents summary of response to item 3.  

 
Table 4: Summary of Students’ Response to Item Number 3 

Item number Alternative         N=310 Total 

Correct Incorrect Non-respondent 

N % N % N % N % 

3.1 173 55.8 119 38.4 18 5.8 310 100 

3.2 104 33.5 152 49.0 54 17.4 310 100 

3.3 98 31.6 118 38.0 94 30.3 310 100 

3.4 89 28.7 127 40.9 95 30.6 310 100 

 

Item 3.1 correctly answered by 173 (55.8%) of subjects. The question asked was to find the 

composition, 𝑓𝑜𝑔 where    22 xxg   and   𝑓(𝑥) = √𝑥   and the correct procedure is:  

 

                                                      (𝑓𝑜𝑔)(𝑥) = 𝑓(𝑔(𝑥)) 

                                                                      = 𝑓 (  22x )  = √  22x  . . . . . * 

                                                                      = |𝑥 + 2|  . . . . . . ** 

 
The following are direct copy of students’ scripts: 

 

U19: (𝑓𝑜𝑔)(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓((𝑥 + 2)2) = (√𝑥 + 2)
2

= 𝑥 + 2 

G11: (𝑓𝑜𝑔)(𝑥) = 𝑓(𝑔(𝑥)) = √(𝑥 + 2)2 = 𝑥 + 2  

 
 
Some of observed difficulties are: confusing combination and composition, interchanging order of 

operations (good number of subjects make the square out of the radical), ignoring or omitting the 

absolute value, limited mental image of algebraic manipulation. Almost all those who are 

successful in the algebraic manipulation are also successful in identifying the domain of the 

composition function.  
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The objective of Item 3.2 and item 3.3 were the same as item 3.1 but with a different representation. 

But there is a big difference on these who answered the former one and the latter two. Even good 

number of them did not consider them as a process to be performed. Item 3.4 is reversed process 

of composition. Surprisingly this item has less correct response rate and high non-respondent rate 

and good number of them were not justified their answer. It seems they have completely no idea. 

Thus, item 3 portrays, students understanding lack process level conception. The introductory part 

of function is dominated by ordered pair and mapping representation but then switched to algebraic 

expression. This led them to experience inconsistency of representations. This Students’ 

difficulties of composing and decomposing of functions agree with the finding of Cottrill (1999). 

  

4.4. Students’ Knowledge About Graph of Function 

 
The aim of item number 4 was to examine whether students are able to sketch graph of a function, 

the function being undefined at some point, how they deal a point at which the function is 

undefined. As the data in table 4, most students (83.2%) of them tried to sketch the graph of f but 

only 30.6% of them were successful. Students difficulties observed from their script were include 

but not limited to the following: ignore the restriction on the domain after simplification or when 

joining points to construct the graph, do not consider 
𝑥+3

3
 as a polynomial, limited algebraic 

manipulation skill, drawing the graph without considering sufficient points which lie on the graph, 

considering every point of discontinuity as an asymptote. Table 5 presents summary of response 

to item 4.       

 

Table 5: Summary of students’ response to item 4 

Item number Alternative         N=310 Total 

Correct Incorrect Non-respondent 

N % N % N % N % 

4.1 95 30.6 163 52.6 52 16.8 310 100 

4.2 141 45.5 101 32.5 68 21.9 310 100 

4.3 95 30.6 135 43.5 79 25.5 310 100 

4.4 135 43.5 101 32.5 74 24 310 100 

 

These observed limitations affected the subsequent activities. It was observed that most of them 

tried to determine the domain and range from the graph. Since some of them use integers as counter 

examples to plot the graph, they conclude that the domain is integers. Examples of correct and 

incorrect graph respectively from their script are given in figure 5.   

 
 

Figure 5: An illustration of correct and incorrect graph from two students test script. 
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Item 4.3 and item 4.4 are the same concepts. But students understand the former quite differently. 

Referring to item 4.3 that ‘what happens to the graph of 𝑓 at x=3?’ 30.6% of them were answered 

by saying that the graph makes a hole which is correct. Incorrect responses given were grouped as 

follows: it has an asymptote, it becomes zero, there is a gap, the graph will be continuous and the 

graph is at infinity. 

 
On question 4.4 students were asked ‘is the function (continuous/discontinuous) at the point x=3?’ 

Referring to table 5, 32.5% of them said the graph is continuous at the point x=3. These may be 

lack of exposure to rational functions. Most of the students who answered discontinuous for item 

4.4 are these who ignored the restriction on the domain after simplification. Thus, the students’ 

response is a good indication of students’ knowledge on function is short of depth. From the 

interview, it is understood that students consider hole and gap as the same concepts, and any point 

of discontinuity as an asymptote.  

 
5. Conclusions and Recommendations  

  

The basic goal of this study was to examine students’ difficulties and common misconceptions in 

coming to understand the function concept. This study was carried out in a different context as 

compared to those of other research studies used in the literature. Accordingly, some of those 

studies were conducted in a computer assisted teaching-learning setting, in contexts where the 

native language was used as a medium of instruction and some were conducted in context where 

the researchers themselves were involved in the teaching of the subject matter and some studies 

were at undergraduate level. This study was conducted in a context where students have no 

experience of educational technology like graphic calculator or computer and almost all 

respondents at age 17 years. Besides these differences there are however, some similarities in the 

findings regardless of context.  

 
Mostly students’ difficulty arose from lack of forming connections among representations. At the 

introductory part the focus is ‘ordered pairs’. Even the text book have examples of different 

representations and teachers also provide examples and non-examples using different 

representations, the classroom discussion and students reaction is based on the ordered pairs 

approach. After a while, the whole focus was shifted to algebraic expression. Thus, students think 

that the formal definition and the ordered pair’s representation as a separate concept from the 

subsequent part of functions; which is algebraic expression dominated. Eisenberg (1991) seems 

more concerned about difficulty of focusing on ordered pair approach before two and half decades 

“of all these approaches the pedagogically weakest and non-intuitive one seems to be the approach 

using order pairs (p. 141)”. But the main thing in mathematical knowledge is the ability to make 

like among the representations and flexibility to use whenever required. Thus, limited mental 

image of function representations and fragmented conceptions are observed difficulty of students 

whereas, overgeneralization that all functions have to be represented as an ordered pair is observed 

misconception. 

 
Moreover, most students concept image of function was not matured enough to described in the 

form of words, to be generalized in to unfamiliar context and to provide variety of examples. There 

evoked concept image is that they formed at the introductory part of function. Cornu (2002) point 

out that such concept images turn out into difficulty when the student is faced with a situation 
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where, because of its incompleteness, the concept image is insufficient. Furthermore, Students’ 

concept image is largely limited to order pair, phrases like y is father of x and linear algebraic 

expressions of two variables; x and y. This may be they work a long time with limited cases 

(ordered pairs, “y is father of x”, polynomial functions). The examples that students provided for 

the function concept were very elementary, narrow and lack verity. It is also found that besides the 

tendency to rely on ordered pairs approach, students have difficulty to convert word expression 

into mathematical expressions. This finding also agrees with previous research findings (e.g. 

Nguyen & Tran, 2014). 

 
The study also revealed that students have relatively better procedural skill of computing algebraic 

manipulation but difficulty of computing the reverse as well as when the representation is changed. 

Confusing combination and composition, interchanging order of operations and limited mental 

image of algebraic manipulation were observed difficulties.  

 
If students understand a function as a set of ordered pairs, they understand a function as object. 

This understands a function as an object means to understand the definition of a set of ordered 

pairs without referring to variables (Sfard, 1991). Thus, they conceive as if the ordered pair is 

different from the algebraic expression, which involves variables. As a result, students 

understanding becomes fragmented, lack flexibility. The ability to understand a function as an 

object does not mean that students have no misconceptions about the function (ibid.). But the good 

opportunity is that such misconceptions are not robust to change as students with such have no 

ontological difference from experts’ conceptions of the function or concept definition (ibid.). 

Ignore restriction on the domain after simplification or when joining points to construct graph of 

a rational function and drawing the graph without considering sufficient points which lay on the 

graph are other difficulties that students encountered whereas considering every point of 

discontinuity as an asymptote is a misconception.   

 
As it is understood from classroom observation, focus of the mathematics teachers practice is more 

of procedural computation than conceptual understanding; both in their lesson presentation and 

assessment. Whether one views mathematical concepts as a foundation for application or as a pure, 

procedures or techniques is necessary but not sufficient to the course. Thus, it is necessary to pay 

attention and teach the concepts in order to apply it.  
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