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ABSTRACT 

A four (4) compartmental model of (S, E, I , I ) were presented to have better understanding of 

parameters that influence the dynamical spread of Ebola in a population. The model is 

analyzed for all the parameters responsible for the dynamical spread of the disease in order to 

find the most sensitive parameters that need to be given attention.   

The stability of the model was analyzed for the existence of disease free and endemic 

equilibrium points. Basic Reproduction Number ( ) was obtained using next generation matrix 

method (NGM), and it is shown that the disease free equilibrium point is locally asymptotically 

stable whenever the basic reproduction number is less than unity i.e ( ) and unstable whenever 

the basic reproduction number is greater than unity ( ).The relative sensitivity indices of the 

model with respect to each parameter in the basic reproduction number is calculated in order 

to find the most sensitive parameter which the medical practitioners and policy health makers 

should work on in order to reduce the spread of Ebola in the population. The result shows that 

effective contact rate and fraction of individuals with low immunity are the most sensitive 

parameters in the reproduction number. Therefore, effort should be put in place so that the 

basic reproduction number should not be greater unity so as to prevent the endemic situation. 
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1. INTRODUCTION 

 

Ebola hemorrhagic fever is an infectious and deadly disease that is majorly caused by infection 

with one of the Ebola virus species which occurred in both humans and non-humans primates 

(Chimpanzees, Monkeys and Gorillas). This deadly disease causes an acute and serious illness 

and was discovered around 1976 near the Ebola River in the Democratic Republic of the Congo, 

where it takes its name. [8, 14, 15]. It was recorded that 12 outbreaks of Ebola virus appeared in 

Congo, Sudan, Gabon, and Uganda around September 14, 2003. [7, 14]. In those particular areas, 

two different strains of Ebola virus (Ebola-Zaire and the Ebola-Sudan) were discovered and 

reported. Despite the efforts put in place so far by researchers, the reservoir of Ebola virus has 

not been detected [3,11].  

 

Ebola Virus is transmitted into human population through contacts with the blood, organs or the 

bodily fluids and secretions of an infected animals like chimpanzees, fruit bats, gorilla, forest 

antelope and porcupines found dead in the rainforest [14, 15, 16]. This virus is a member of the 

family Filoviridae, which are the family of viruses that cause severe hemorrhagic fever 

(characterized by high fever, internal bleeding, hypertension and shock) in humans. There are 

five recognized strains of Ebola virus species, four of which are known to cause disease in 

human population which are Zaire ebolavirus, Sudan ebolavirus, Tai Forest ebolavirus (Known 

as Cote d’Ivoire ebolavirus) and Bundibugyo virus. The fifth ebola virus known as Restoen 

Virus causes disease in non-human Primates .When an individual comes in contact, and gets 

infected by the virus, the virus develops in the body within a period of 2 to 21 days [8, 17]. 

  

Individuals that are infected with ebola virus develops the following symptoms: diarrhea, 

vomiting, rash, symptoms of impaired kidney and liver functions, and in some cases, both   

internal and external bleeding (e.g blood in the stools). Individuals that are infected receive little 

medical attention due to the fact that the vaccine to curb its spread is yet to be developed [15, 

16]. Furthermore, bats (known as fruit bats) have been detected as the major carrier of the 

disease [4, 10].  

 

As a result of competition for food (fruit) in the dry season, contact between bats and gorilla 

occurs and this has not really revealed the way by which other animals like duikers, become 

infected. Although duikers might come in contact with the virus by consuming fallen fruits [13]. 

Many studies have been carried out to investigate the transmission dynamics of Ebola disease.  

Adewale et al. [1] Analyzed the effects of isolation on Ebola transmission dynamics. It was 

concluded in their study that if the isolation rate of Exposed and Infected individuals is high and 

the effective contact rate (  ) ranges between (0.113-0.9), the disease will be eradicated in the 

community. Chowell et al. [5] studied the basic reproduction number of Ebola and the effects of 

public health measures: the cases of Congo and Uganda. They presented a mathematical model 

to study the course of the outbreaks via an SEIR (Susceptible-exposed-infected-removed) 

epidemic model that includes a smooth transition in the transmission rate after control 

interventions are put in place. Amira R and Delfim F.M [2] studied a simple Mathematical model 

that describes the 2015 Ebola outbreak in Liberia. They used numerical simulations and available 

data provided by the World health Organization to validate the obtained mathematical model. 

They also developed a new mathematical model including vaccination of individuals over time. 

They applied optimal control to study the impact of vaccination on the spread of ebola virus. 
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In this present work, a four (4) compartmental model of (S, L, I D , I U ) was presented to check 

the sensitive parameters on the basic reproduction number in order to have better understanding 

of parameters that influence the dynamical spread of Ebola.  

 

2. MATHEMATICAL MODEL FORMULATION 

 

The model considered four (4) compartmental models to have better understanding of parameters 

that influence the dynamical spread of Ebola in a community. The model comprises of 

Susceptible Individuals S(t), Latently Individuals L(t), Infected detected Individuals )(tI D , 

Infected undetected Individuals )(tIU so that 

Population at time t denoted by N (t) is sub-divided into 4 compartments of Susceptible S (t), 

Latent L(t), Infected detected )(tID
 and Infected Undetected )(tIU  individuals. Where   

)()()()()( tItItLtStN UD 
                                                           (1)

 

The susceptible population is increased by the recruitment of people (either by birth or 

immigration) into the population at the rate  , (all recruited individuals are assumed to be 

susceptible), also the susceptible population decreases by infection which can be acquired 

following effective contact with infectious individuals only at a rate given by  

N

)IIL( U2D1 



                                                                                                               (2) 

In (2)   represents the effective contact rate (i.e contact capable of leading to Ebola infection). 

1  and 
2  are the modification parameters that compares the transmissibility of disease. 

Thus the rate of change of the susceptible population is given by 

SS
dt

dS
                                                                                                                           (3) 

A fraction  of new infected individuals with low immunity move to the latent class (L), while 

the remaining fraction (1- ) move to the infected detected class (I
D

). The population is further 

decreased by progression rate  and the natural death of individuals at the rate  . Thus, 

LS
dt

dL
)(                                                                                                                       (4) 

The population of infected detected individuals is increased by the new infection due to low 

immunity in their body at the rate )1(   and by endogenous reactivation from latent class to 

infected detected at the rate 1 , the detection of infected undetected individual at the rate  and 

finally decreased by the natural death of individual at the rate   and the disease induced death at 

the rate D . 

Thus, 

UDD
D IILS

dt

dI
  )()1( 1                                                                                   (5) 

In the model, we also assumed that some people have been infected but not detected. These 

individuals are increased by endogenous reactivation of symptoms by latent individuals at the 

rate )1( 1   and finally reduced due to the detection of infected undetected individuals at the 

rate , natural death of individual at the rate  and the disease induced death at the rate U . 

Thus,  
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UU
U IL

dt

dI
)()1( 1                                                                                                  (6) 

Thus in summary, the Ebola dynamic transmission model is given by the following system of 

non-linear differential equations, 
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)()1(
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1
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                                                                     (7) 

 

Table 1: Description of Variables and Parameters 

Parameters Definitions 

S Susceptible Individuals 

L Latently Individuals 

DI  Infected detected Individuals  

UI  Infected Undetected Individuals  

  Force of Infection 

  Effective Contact rate 

  Recruitment rate into Susceptible 

  Fraction of Individuals with Low Immunity 

  Progression rate 
  Natural death rate 

  Disease Induced Death rate 
  Detection rate 

  Endogenous Reactivation rate 

21 ,  Modification Parameters 

 

3. MATHEMATICAL ANALYSIS 
 

Lemma 1: 

The close set }:),,,{( 4




  NRIILSD UD is positively-invariant and attracting with respect 

to model (7) 

Proof 1: Consider the biologically-feasible region. 

}:),,,{( 4




  NRIILSD UD . We shall show that D is positive invariance (i.e all solutions 

remain in D for all time t>0). The rate of change of the total population obtained by adding all 

the equations in the model above is given by  
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)8(IIN
dt

dN
UUDD    

It follows that 
dt

dN
<0 whenever N >




. Note that  

dt

dN
 is bounded by N  and a standard 

comparism theorem [12] can be used to show that )1()0()( tt eeNtN 



   . In particular 

,)(



tN if ,)0(




N Therefore all solution of the model with initial conditions in D is 

positively-invariant and attracting. In this region the model can be considered as been 

epidemiologically and mathematically well-posed. 

 

3.1.STABILITY OF THE DISEASE FREE EQUILIBRIUM (DFE)  

 
Disease free equilibrium  

For critical points, we set 

0
dt

dI

dt

dI

dt

dL

dt

dS UD  

At disease free equilibrium, it is assumed that there is no infection, so we set 

0 UD IIL  

Disease free equilibrium of Ebola is given by 









 0,0,0,0




                                                 (9) 

 

3.2.DERIVATION OF BASIC REPRODUCTION NUMBER ( 0R )  

 

The basic reproduction number of the model (7) is calculated by using next generation matrix 

[9]. Using their approach, we have 
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Where  
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V   

The reproduction number is the dominant eigen values of 1VF . Thus,    

421

2432231124411411

0
kkk

)kkkkkkkkkk(
R

 
                                             

(10) 

Where  1k  , Dk  2 ,  )1( 13 k and Uk  4  
 

3.3.LOCAL STABILITY OF DISEASE FREE EQUILIBRIUM (DFE) 

 

Theorem 1: The disease free equilibrium of the system (7) is locally asymptotically stable 

(LAS) if 0R < 1 and unstable if 0R > 1 

Proof: To determine the local stability of ,0E the following matrix is computed corresponding to 

equilibrium point 0E . Considering the stability of the disease free equilibrium at the critical point 

(0, 0, 0, 0). Equation (6), we have  













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





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
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1
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J E
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                                              (11) 

Then the characteristics equations are obtained as 0 IJ E   (where I is 4*4 identity matrix). 

Where,  

































000

000

000

000

I               (12) 

Hence 0 IJE   implies that                                                                   

From equation (11), clearly 4433121 ,,, kkk    

Hence, the corresponding eigen values of equation (7) are; 

 1 ,  )(2   ,  )(3 D  ,  )(4 U   

 Since all the eigen values are real, negative and distinct, hence disease free equilibrium of the 

system (7) is locally asymptotically stable (LAS).  

 

3.4.GLOBAL STABILITY OF DISEASE FREE EQUILIBRIUM  
 

Here, the global stability (GAS) property of the DFE of the system (7) shall be explored. 

Theorem 2: The disease free equilibrium of the system (7) is globally asymptotically stable 

whenever 10 R and unstable if 10 R . 
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Proof: It follows that 
UD IILNS  *  at steady state. The proof is based on using the 

comparison theorem [12] to prove the global stability. The rate of change of the variables 

representing the infected component of the system can be written as follows. 

U
U

UDUD
D

UD

IkLk
dt

dI

IIkIILN
dt

dI

LkIILN
dt

dE
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                                (13) 

}:),,{( *3* NIILRIIED UDUD  
 

For the model (6), the associated reproduction number, denoted by 0R  where  
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The DFE of the model (6) is GAS in D *  if 10 R . 

Using comparison method, we have 
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From equation (14), we have  

42114142

11414132231211121111

42411441413

2

42111

3

kkkkkkk

kkkkkk)kkkkk

kkkkkkkk()kkk(













(15) 

Thus, from equation (15), the characteristics equation is given by 
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According to Routh Hurwitz Criteria of Order three (3), 

,0,0:3 31  AAn and .321 AAA   
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Therefore for 01 A  we have 

,1
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Implying that 

10 R   

Hence, we have established that the disease free is globally asymptotically stable whenever 0R < 

1 and unstable if 0R > 1. 

 

3.5.EXISTENCE OF ENDEMIC EQUILIBRIUM POINT OF THE MODEL 

 

Let ),,,( ********
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The expression for  at the endemic steady-state, denoted by ** is given by  
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Substituting 21, 22 and 23 into 20 we have 
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Dividing each term in (24) the above by **** S gives  
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3.6.SENSITIVITY OF THE MODEL 

 

It is necessary to determine how sensitive the threshold quantity basic reproduction number is 

with respect to its parameters, this will help to understand which of the parameters causes 

reduction in OR  and parameters that increases OR  and these parameters must be given attention 

in order to have most effective control of the disease. This analysis will help to know how 

important each parameter is to disease transmission. We compute the normalized forward 

sensitivity index of the reproduction number with respect to its parameters. 

Definition: If a variable ‘k’ depends differentiably on a parameter ‘q’, then, the normalized 

forward sensitivity index of ‘k’ with respect to with respect to ‘q’ is denoted by 
k

q

q

k
X k




  

As we have explicit relation for 0R , we generated an analytical expression for the sensitivity of 

0R  as  

0

00

R

q

dq

dR
X

R

q                                                  (26) 

Sensitivity analysis for each parameter involved in 0R  is therefore calculated and show in the 

table 2 
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        Table 2: Values of Numerical Sensitivity of the model 

Parameters Sensitivity Values 

        -7.0128434x10 11  

          0.999910 

          -0.032624 

          0.947708 

      1     0.000000 

      U     -0.015554 

      D     -0.004113 

            0.979299 

     2      0.004201 

     3      0.015886 

 

4. NUMERICAL SIMULATION 

 

The model was solved numerically using Runge-kutta of order four (4). In order to verify the 

effects of contact rate and low immunity rate in the dynamical spread of ebola, the following set 

of parameters were used 2000 , 3.0 , 3.01  , 02.0 , 937.0D , 937.0U , 

2.0 , 1.0 , 5.0 , 02.01  , 02.01  . 

            
 

Figure 1: For the value of 2.0               Figure 2: For the value of 3.0  
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Figure 3: For the value of 4.0    Figure 4: For the value of 35.01   

 

           
 

     Figure 5: For the value of 45.01     Figure 6: For the value of 65.01   

 

5. DISCUSSION AND CONCLUSION 

 

In this work, four (4) non-linear compartmental models was presented and analyzed rigorously to 

gain insight on the parameters that influence the outbreak of Ebola in the population. Sensitivity 

analysis and numerical simulations of the model were carried out to determine the effects of 

parameters on the outbreak of Ebola disease. In figures 1-3 above, the effect of contact rate in the 

human population is considered and it was observed that as the contact rate increases in the 

human population, the susceptible population decreases while the exposed and infected 
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population increases. Also figures 4-6 shows the effect of low immunity rate in an individual 

which reduces the susceptible population. As the immunity in an individual decreases, it makes 

the exposed and infected individuals in the population to increase. 

 

From our result, it was observed that the effective contact rate and the low immunity rate were 

the key parameters that influenced the dynamical spread of Ebola in the population. In 

conclusion, efforts should be put in place by health policy makers to reduce the rate at which an 

individual come in contact with the Ebola virus and also work on the immunity of an individual 

in order to have disease free environment. 
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