Original Article

\'* ISSN (Online): 2350-0530

International Journal of Research - GRANTHAALAYAH
July 2021 9(7), 179-184

ISSN (Print): 2394-3629

GENERALIZED PASCAL'S TRIANGLE AND METALLIC RATIOS

R. Sivaraman' 22

'Independent Research Scholar, California Public Univeristy, USA

Received 1 July 2021
Accepted 16 July 2021
Published 31 July 2021

Corresponding Author
R. Sivaraman, rsivaraman1729@y
ahoo.co.in

DOI110.29121/
granthaalayah.v9.i7.2021.4109

Funding: This research received
no specific grant from any funding
agency in the public, commercial,
or not-for-profit sectors.

Copyright: © 2021 The
Author(s). This is an open access
article distributed under the
terms of the Creative Commons
Attribution License, which
permits unrestricted use,
distribution, and reproduction in
any medium, provided the original
author and source are credited.

Check for
updates

In this paper, | had demonstrated the way to determine the sequence of metal-
lic ratios by generalizing the usual Pascal’s triangle. In doing so, I found sev-
eral interesting properties that had been discussed in detail in this paper. I had
proved four new results upon generalizing Pascal’s triangle. Thus, the primary
aim of this paper is to connect the idea of Generalized Pascal’s triangle with that
to the sequence of metallic ratios.

Generalized Pascal’s Triangle, Metallic Ratio of Order K, Binomial
Coefficient, Hockey Stick Property, Binet's Formula Respresentation

1. INTRODUCTION

Though the concept of Pascal’s triangle became notable among mathematical world
through Pascal, the concept of constructing the triangle was well known to ancient
Indian and Chinese mathematicians. Similarly, the sequence of metallic ratios has
been used in almost all branches of Science and Engineering. In this paper, I had
connected these two concepts and derived some interesting results related to them.

2. DEFINITION

Let k be a positive integer. The sequence of Metallic ratios of order k is defined recur-

sively by M, 1o = kM, +1 + M, (2.1),n > 1 where My = 0, My = 1, My = k The

terms of the sequence defined by (2.1) are given by

0,1,k k% + 1,k3 + 2k, k* + 3k% + 1, k5 + 4k3 + 3k, kS + 5k* + 6k% + 1,...(2.2)
Notice that for k = 1, the above sequence is the usual Fibonacci sequence.

2.1 METALLIC RATIOS OF ORDER K

Using the shift operator, the recurrence relation in (2.1), yield the quadratic equation
m? — km — 1 = 0 The two real roots of this quadratic equation are given by m =
LESV s V2’“2+4The positive value among these two roots is defined as the metallic ratio of
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Generalized pascal’s triangle and metallic ratios

order k denoted by p;, Thus, pj, = &=VA"+4 V2k2+4 (2.3) Since the sum of two roots is k, the
other root isk — p;, = k=vA"+4 V2k2+4(2.4)

2.2 SPECIAL CASES

(1) If k=1, then from (2.3), p, = (2.5) 1s called the golden ratio.

1+\/§
2

(i1) If k=2, then from (2.3), p, =1+ J’E (2.6) is called the silver ratio.

3+ Jﬁ (
2
The numbers given by (2.5) to (2.7) form the metallic ratios of first three orders.

(111) If k= 3, then from (2.3), p, = 2.7) is called the bronze ratio.

3. CONSTRUCTION OF GENERALIZED PASCAL'S TRIANGLE

Using the same rule of construction as that of usual Pascal’s triangle, | now construct
a generalized Pascal’s triangle from which we can explore several properties. Let k
be a positive integer. Consider a triangle displayed below.

K 6 4k 1
S5kt 10K 10K 5k 1
5 6k 15K 208 15K 6k 1

Generalized Pascal’s Triangle

We notice that each entry in the Generalized Pascal’s triangle of Figure 1 , is
obtained using the recurrence relation defined in (2.1). In particular, if 7}, , is the
rth entry in nth row, where

n=0,1,2,3,... ,0<r<nand [,, =1T,,=k".T,, =1then T, =kT,_, +T_ ., (3.1).

If k=1, then (3.1) reduces to the definition of usual Pascal’s triangle and Figure 1
would then become the well known Pascal’s triangle. From Figure 1, we notice that
the rth entry in nth row where 0 < r < n of the Generalized Pascal’s triangle in

Figure 1 is given by T}, , = <n) K™ " (3.2) where <n> is the binomial coefficient.
r T
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3.1 THEOREM 1

With respect to Generalized Pascal’s triangle of Figure 1, we have the following prop-
erties

(1) The sum of all nth row entries is (k+1)" (3.3)

(i) 7,, =k"7T,,., (3.9

nn-r
m

(iii) (Hockey Stick Property of Generalized Pascal’s Triangle): k Z Ly =T (3.5)
r=0

Proof:
The sum of all entries in nth row of Generalized Pascal’s triangle is given by

Yoro T = (n) =30 (n) k"~"1" = (k + 1)™. This proves (3.3)
r r

Using (3.2), we have KT, ,,_, = K"=2r ( " ) Knn=r) — gner (”) -
T T

n —
Tn,r
This proves (3.4)
Using (3.2) , we have
¢ ™y i ™y
" L B LB
J J fn e+l J '
kz r"-‘-f:f = kZ - |k =k Z - ]
r=ll r=0 I A r=0 I A
- ‘m\ (n+1) (n+2) ‘n+m—1\ (n+m)
=Ir [+ [+, | [+ |
oS L1 g2 ) \om=1 ;) | m |
. (n+1) (n+1) (n+2) (n+m—1) (n+m)
=K [+ [+ [+---+ [+ [
\n+l) L on )\ n ) . n J L n |
[ N ™ ; N &
n+2) [(n+2) n+m—-1) [(n+m)
=k [+ [+--+ |+ .
\n+l) | n ) . n J L n
[ N A P N &Y
n+3) (n+3) n+m—-1) (n+m)
= 5 |+ [+t |+ .
_\_F?+1 JLn) . n J L nrn )
[ n+m—=1) (n+m-=1\ (n+m)
=k + +
n+l ) no ) n o
¢ ™ i ™y
n+m| [n+m)
— k_n—1|: ,+ .:‘
wn+l) L on )
i A i At
el F?+?’H+1__ . H+m+1__
1 | T nem+lm
.+l .om )

This proves (3.5) and hence completes the proof.
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4. METALLIC RATIOS FROM GENERALIZED PASCAL'S
TRIANGLE

In this section, I demonstrate a method to obtain sequence of metallic ratios of order
k as defined in (2.2) from the generalized Pascal’s triangle described in Figure 1 .
First, we will rearrange the terms of the triangle in right triangle pattern as shown
below.

K2k 1
K 3K 1
Kt 6k 4k 1
Skt 10810k sk 1
K5 6K 15K 208 15k 6k 1

Add the identical colored terms in the triangle

If we add identical colored terms in the re-arranged triangle in North-East diago-
nal direction then we get

1, k, B> +1, I°+2k, k* +3K°+1, kS + S+ 6K+ 1, ...

We notice that the terms of above sequence precisely forms the terms of sequence
of metallic ratios of order k as defined in (2.2). Thus, the triangle in Figure 2, gener-
ates sequence of metallic ratio of order k.

4.1 THEOREM 2

The ratio of (n+1) th term to that of nth term of sequence of metallic ratios of order
k converges to the number p;, = @(4.1)

Proof: From the recursive relation of metallic ratio of order k as defined in (2.1),
notice that for some real numbers « and  we getM,, = ap;™ + B(k — pr)"(4.2)
where p, and k — p;, are the real numbers given byp;, = @, k—pr = ’”7@
Equation (4.2) is referred as Binet’s formula representation for sequence of metallic
ratios of order k

We now notice that —1 < k—pj, < 1 forall positive integers k. Hence (k — pi)" —

0(4.3) as n — oo. Thus using (4.2) and (4.3), we obtain

ap"t 40 E4+Vk2+4

My 11 ap™ 4 Bk = pp)" ! _
=Pk = 5

szlgo M, - rgﬁgo app™ + B(k — pk)n - rgg’olo apg™ +0

This completes the proof.
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4.2 GOLDEN, SILVER AND BRONZE RATIOS

As mentioned in 2.2 of section 2, we notice that the Golden, Silver and Bronze ratios
are special cases of piyk =1, 2, 3. Hence if we consider the triangle in Figure 1, with
the values k = 1, 2 and 3 we can generate the terms of sequence of metallic ratios
of orders 1, 2 and 3 respectively whose ratio of successive terms approach top; =
HT\/E, p2 =142 p3 = % respectively. Thus we can produce number triangles
which are generalized versions

5. CONCLUSION

In this paper, by defining a generalized Pascal’s triangle, first, | had established three
interesting properties in Theorem 1. The third property proved in (3.5) is the gener-
alized Hockey stick property which works only if we could sum numbers in South -
East diagonal direction unlike in usual Pascal’s in which Hockey stick property works
in either South - East diagonal way or in South - West diagonal way owing to its
symmetrical entries. In the generalized Pascal’s triangle discussed in this paper in
Figure 1, by (3.4), since the entries are not symmetrical with respect to the central
vertical line, we get Hockey stick property only along South - East direction.

Further, | had obtained the terms of sequence of metallic ratios of order k through
the generalized Pascal’s triangle in section 4. Finally, I had proved that the ratio of
successive terms of sequence of metallic ratios is precisely the metallic ratio of order
k given by py. Thus, in this paper, | had established some new properties by general-
izing the usual Pascal’s triangle and in doing so, | had obtained the terms of metallic
ratio sequence. By considering k = 1, 2, 3 in Figure 1, we can generate three new
triangles from which produces three sequences as given in (2.2), whose ratio of suc-
cessive terms approaches to Golden, Silver and Bronze ratios respectively, through
the generalized Pascal’s triangle, we could generate sequences whose ratio of succes-
sive terms converges to the metallic ratio of order k given by p;, = @The ideas
discussed in this paper will add more information to the study of metallic ratios and
pave way for further explorations.
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