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Abstract
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Anew operator W; f(z)=z+%,., = a,z" is introduced for functions of the form

f(z)=2+>7,a,2" which are analytic in the open unit disk U ={z e C: |z| <1}. We introduce
several inclusion properties of the new k-uniformly classes US*(e;k;7), UC(aik;y),
UK(a;k;7,8) and UK'(a;k;y,8) of analytic functions defined by using the Wright function
with the operator W; ,  and the main object of this paper is to investigate various inclusion

relationships for these classes. In addition, we proved that a special property is preserved by some
integral operators.
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1. Introduction

Let A denote the class of functions of the form

f(z)=z+ianz” (1.1)

Which are analytic in the open unit disk U = {z eC: |7 <1} f / and G are analyticin U ,
we say that f issubordinateto g ,written f <g or f(z)=<g(z) , if there exists a Schwarz
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function o , analyticin U with »(0)=0 and |w(z)<1 (zeU),suchthat f(z)=g(w(2))
(z € U) . In particular, if the function g isunivalentin U , the above subordination is equivalent
to f(0)=g(0) and f(U)cg(U) (see[9] and [10]).

For functions f(z)ea, givenby (1.1) ,and g(z) e A defined by
9(z2) =z+) bz,
k=2
then the Hadamard product (or convolution) of f(z) and g(z) is given by
(f*g)(2)=2+ abz" =(g*f)2) (zeU).
k=2

For 0<y,B<1,we denote by S*(y) C(y) K(y,8) and K*(y,8) the subclasses of A
consisting of all analytic functions which are, respectively, starlike of order y, convex of order
7, close-to-convex of order y ,and type g and quasi-convex of order y,andtype S in U.

Now, we introduce the subclasses US*(k;»), UC(k;»), UK(k;7,8) and UK"(k;y,p) of the
class A for 0<y,B<1,and k>0, which are defined by

us*(k;y)z{feA:m(Z;'((zz)) j NEd (Z) 1‘} (1.2)

uclkr)-{fen {1020 ) g2 | @y
W

(@'@)
o) 1‘} (L5)

zf ”(z)

UK(k;}/,ﬁ):{f €A :3geUsi(k;p) S.t.iﬂ(%—yj>k

UK*(k;y,ﬂ){f €A :EIgeUC(k27) S.t.ﬂ?[ g’(z) —7]>

We note that

US*(0;7)=5"(k;7), UC(0;7)=C(y), j
UK(0;7, 8)=K(y, B), UK'(0;7, 8)=K"(r.8) (0<y,B<1)
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Corresponding to a conic domain Q, ~ defined by

Q,, ={u+iv DU > ky(u=1)° +v? +y}, (1.6)

we define the function g, ,(z) whichmaps U onto the conic domain ©, , suchthat 1eQ,
as the following:

1+(1-2y)z
1-z

(k

-y cos{ (cos k)l log 1*f} € (0<k<1)
(k
(k

1-k?2 1-k?2
qk,y(Z)Z 1+ (Iog 1+ﬁ) =1), (17)

u(z) 2
14 dt k“-y
kz—lsln{2§(k)j0 \/1 21K }+ k2-1

2k : 7Z'(2) , :
Where u(z)= and k) is such that k =cosh . By virtue of the properties of
&= ¢(k) ) prop
the conic domain Q, , we have
K+y
Rla, (@)f> L (1.8)

k+1

Making use of the principal of subordination and the definition of qk'y(z) , We may rewrite the
subclasses US*(k;7) , UC(k;»), UK(k;»,8) and UK’(k;,/) as the following:

US*(k;7)={f €A : %ww(z)}, (1.9)
Uc(kiy)= {f a2 ((Z)) <q,,(z )} (1.10)
UK(k; 7, )= {f ca :3geUs(k; ) st. Z;((ZZ)) < qk]y(z)}, (1.11)
UK*(k;;/,,B)={f ea :3geuc(k;y) st (Z;',g))) <qk7(z)} (1.12)
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We consider the following normalized form

W, (D) =T, () =2%,

where 1>-14eC\Z;, zeU. Note that the normalized wright function w, , was studied
recently in [13].

Now, we define an operator W, , as follows:

W, (D=, O (@=2+F e _1)!;((‘;)@ L (1.13)

where 1>-1u4eC\Z;, zeU .Notethat, if f(z)=g*; thentheoperator w, ,f(z) reduces

to the functions

W o(2) = W, (02) # = (02 T+ (0 + D)/ 22 W, , (V2
(L1)4 0.(2) = W,,., (-2)* - = (D2 T(v+1)/ 23, (J2)
And
K, (2)=W,,., () =W,,.,(2)* —— =2’ T(v+1)2" "1, (2). (1.15)
T l-z ‘ 1-z

Note that the function o

L b.c(2) was studied recently in [1, 2, 11] and g,(z) was investigated in
[3,12,14].

Corresponding to the function w, ,(z) defined by (1.13), we introduce a function W; (z) given

by
zZ

-2

W, (2)* W, (2) = (a>0). (1.16)

We now define an operator W7 f(z): A —>A by
W, f(2)=w; (2)*f(2) (1.17)

(A=-1LueC\Z;, a>0;zeU)
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If f(z) isgivenby (1.1) ,thenfrom (1.17) , we deduce that

4"t r'(A(n-1
’# n>2 F(/J)
(A=2-1LueC\Z,, a>0;z€U).

It is easily to deduce from (1.18) that.

2(w, f (z))' — oW (2)- (@ -D(w?, f(2))

DOI: 10.5281/zenodo.3473005

(1.18)

(1.19)

Next, by using the operator W;  , we introduce the following classes of analytic functions for

A>-1LueC\Z,, >0, k>0 and 0<y,p<1:
US'(eskiy)=1f ea : we, f(2)eUs (kip))

UC(a;k;y):{f €A : ijyf(z)eUC(k;y)},

UK(aikiy, B)={f ea : w7, f(z)eUK(k; 7, B)}

UK'(a;k; 7, 8)=1{f ea : W, f(2)eUK (ki 7, B)}
We also note that
f(z)eUS (o k; 7)< zf '(z) e UC(ex; k; ),

and

f(z)eUK(a;k; 7, B) = 2f (2) e UK (e; K; 7, B).

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

In this paper, we investigate several inclusion properties of the classes US*(a; k;y) : UC(a; k;y)
, UK(a;k;7,8) and UK*(e:k;y, ) associated with the operator W; , Some applications

involving integral operators are also considered.

2. Inclusion Properties Involving the Operator W; ,

In order to prove the main results, we shall need the following lemmas.

Lemma 1 [5]. Let h(z) be convex univalent in U with h(0)=1 and %R{7h(z)+y}>0

(7,7 €C) . If p(z) isanalyticin U with p(0)=1,then
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Z)+ Zp'(Z) < n\z
P+ e, <) (21)
Implies
p(z)<h(z). 2.2)

Lemma 2 [8]. Let h(z) be convex univalent in U and let w be analytic in U with
R{w(z)}>0. If p(z) isanalyticin U and p(0)=h(0) , then

p(z)+w(z)zp'(z) < h(z) (2.3)
Implies
p(z)=<h(z) (2.4)
Theorem 1. US*(a+Lk;y)cUS* (a;k; ).

Proof. Let f eUS*(a+Lk;y) and set

p(z)= i, 1@) (zev) (2.5)

W, f(2)
where p(z) isanalyticin U with p(0)=1.From (1.19) and (2.5), we have

W) 1 )
W = 1p(2)+(a -1} (2.6)

Differentiating (2.6) with respect to z and multiplying the result equation by z, we obtain

Wa+1f i '
Z( i @) _ o(z)+— 2P (z) | @.7)
Wi f(2) p(z)+(a-1)
From this and the argument given in Section 1, we may write
p(e) 2 (2) (zeu) @
p2)+(a-1)

since («—1)>0 and ®{g, ,(2)}> T(Hl/ , we see that
+
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R, (2)+(@-1)}>0 (zeU) (2.9)
Applying Lemma 1 to (2.8), it follows that p(z)<q, ,(z) , thatis, f eUS"(a:k;y).

Theorem 2. UC(a+Lk;y)cUC(a;k; ).
Proof. Applying (1.24) and Theorem 1, we observe that
f(z)eUC(a+Lk;y)< 2t (z)eUS"(a+1k;y)
= #f (z)eUS (a;k;y)
o f(z)eUC(a:k;y),
which evidently proves Theorem 2.

Theorem 3. UK(a +1k;7, ) cUK(a:k; 7, B).
Proof. Let f eUK(a+1k;y, ) . Then, from the definition of UK(a +1k;y, /) , there exists a
function r(z)eUS"(k;y) such that

!

Z(WZLl f (z))

r(2)

Choose the function g(z) suchthat W2"'g(z)=r(z) . Then, g eUS"(a+1k;y) and

7

<q,,(2) (2.10)

!

z(ijj} f (z)) )

Wjjj}g(z) <0Qy, (2.11)
Now let
(e, 1(2))
_ wu T 2.12
p(z) W 92) (2.12)

where p(z) is analyticin U with p(0)=1.Since geUS"(a+1Lk;y) , by Theorem 1, we
knowthat g eUS*(a;k;y) . Let

!

() A.0(2)

-y @Y (2.13)

where t(z) isanalyticin U with R{t(z)}>%Z, Also, from (2.13), we note that

k+1 *

z(w;fyf(z))' —w,2t'(2)=(w,9(2)) p(2) (2.14)
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Differentiating both sides of (2.14) with respect to z and multiplying the result equation by z,
we obtain

b ) S . )= rpe) 219

Now using the identity (1.19) and (2.15), we obtain

Z(Wfff(z))' Cwi(z) 2(we 2t ’(z))' +(a )W,z (2)

wilg(z)  wig(2) 2wz, 0(z)) +(@-Dwe,9(2)

! !

z[wa zf '(z)} Z{Wﬁl’ p f (z)]

A
we g TN gu
z[wgf ﬂg<z>]'
7W/0{’ug(z) +(a-1)
_t(2) p(2)+2p'(2)+ (@ - p(2)
t(z)+ (-1
()@
(2.16) = p(z)+t(z)+(a—l)'
Since (¢—-1)>0 and SR{t(z)}>kk:71/ , we see that
Rit(z)+(@-1)}>0 (zeU) (2.17)

Hence, applying Lemma 2, we can show that p(z)<gq, (z) sothat f eUK(a;k;», /) . This
completes the proof of Theorem 3.

Theorem 4. UK*(a +Lk;y, 8)c UK (a;k;7, B).
Proof. Just as we derived Theorem 2 as consequence of Theorem 1 by using the equivalence
(1.24), we can also prove Theorem 4 by using Theorem 3 and the equivalence (1.25).

3. Inclusion Properties Involving the Integral Operator FC

In this section, we consider the generalized Libera integral operator FC( see[4, 6, 7]) defined by
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F(f)(2)= CZ” e (t)dt (feajc>-1) @3.1)

Theorem 5. Let ¢>—+Z . If f eUS"(axk;y),then F,(f)eUS (a;k;y)

k+1

Proof. Let f eUS*(a;k;y) and set

2w, F.(1)(2)

W, F()@)

p(z)=

(zeU) (32)

where p(z) is analyticin U with p(0)=1 . From (3.2), we have

!

2w, F.(1)(2)) = (c+2)ws, T(2)-cws Fo(F)(2) (3.3)

Then, by using (3.2) and (3.3), we obtain

Wi, f(2) z)+c
W (NE P

/I,uc

(c+1)—2L L~ (3.4)

Taking the logarithmic differentiation on both sides of (3.4) and multiplying by z , we have

A

p(Z)+ Zpl(Z) zz(xzﬂ:g))) _<qk’y(z). (3.5)

Hence, by virtue of Lemma 1, we conclude that p(z)<gq,,(z) in U , which implies that
F.(f)eUs (aik;y) -

Theorem 6. Let ¢>—“Z If f eUC(a;k;y),then F.(f)eUC(a;k;y) .
Proof. By applying Theorem 5, it follows that

f(z)e UC(a;k;y) = zf (z)eUS*(a;k;7)
= Fc(zf ')(z)eUS*(a;k;y) (by Theorem 5)
< 2(F(f)(2)) eUs'(aikiy)

(3.6) o F(f)(z)euc(a;k;»),

which proves Theorem 6.
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Theorem 7. Let ¢>—<Z _If f eUK(a;k;y,B3),then F.(f)eUK(a;k;y. ).

Proof. Let f eUK(a;k;7,/3) . Then, in view of the definition of the class UK(a;k;y, 8) , there
exists a function g eUS*(e;k;y) such that

!

z(WZHf(z))
w,o o0
Thus, we set
(NG
e Y e

where p(z) isanalyticin U with p(0)=1.Since geUS"(e;k;y), we see from Theorem 5.
that F.(g)eUS*(a;k;) . Using (3.3) and let

2w, F.(9)(2)
t(z)= -~ 3.9
I R0 @9
where t(z) isanalyticin U with iR{t(z)}>kk171/ . Using (3.8), we have
ijﬂzFC’(f)(z):(ijﬂFc(g)(z)) p(2). (3.10)
Differentiating both sides of (3.10) with respect to z and multiplying by z , we obtain
2w, F(DE) e R (DE)
wEER  wRe PP
=t(2) p(2)+2p (2).
(3.12)
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Now using the identity (3.3) and (3.11), we obtain

!

z(ijﬂf(z)) W (z) ~ z(WZ#zFC'(f)(z)), +cwy 2k, (f)(z)

w002 W0@)  g(we F(g)2) +owe,F(0)(2)

(3.12)

o, 26, (@) |l F(1)E)
WA wRe
oz, 0)e)
w;,F.(0)()
_ t(z)p(z)+ 2p'(z) + cp(z)
t(z)+c |
B p(z)+tz§)(j1
Since c>—|:<i7l/ and ‘J%{t(z)}>kki71/ , We see that
Rit(z)+c}>0 (zeU) (3.13)

Applying Lemma 2 to (3.12), it follows that p(z)<gq, (z), thatis F.(f)eUK(ek;y, B) .

Theorem 8. Let ¢>—+2 . If f eUK"(;k;y, ), then F.(f)eUK'(a:k;y,f3) .

Proof. Just as we derived Theorem 6 as consequence of Theorem 5 and (1.24), we easily deduce
the integral-preserving property asserted by Theorem 8 by using Theorem 7 and (1.25).
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