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2 which are analytic in the open unit disk  1:C  zzU . We introduce

several inclusion properties of the new k-uniformly classes   ;;kUS ,   ;;kUC ,

  ,;;kUK and   ,;;kUK   of analytic functions defined by using the Wright function 

with the operator 

 ,W   and the main object of this paper is to investigate various inclusion 

relationships for these classes. In addition, we proved that a special property is preserved by some 

integral operators. 
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1. Introduction

Let  A  denote the class of functions of the form 
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(1.1) 

Which are analytic in the open unit disk   1:C  zzU  . If  f   and  g  are analytic in  U  ,

we say that  f   is subordinate to  g  , written  gf    or  )()( zgzf   , if there exists a Schwarz 
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function    , analytic in  U   with    00    and    1z    )( Uz  , such that  ))(()( zgzf     

)( Uz  . In particular, if the function  g   is univalent in  U  , the above subordination is equivalent 

to )0()0( gf    and )()( UU gf    [10]  and  [9] see . 

            

For functions  ,)( Azf   given by  )1.1(  , and  A)(zg   defined by  
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then the Hadamard product (or convolution) of  )(zf   and  )(zg   is given by  
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For  1,0    , we denote by        ,,, KCS 
  and    ,K   the subclasses of  A   

consisting of all analytic functions which are, respectively, starlike of order   , convex of order  

 , close-to-convex of order    , and type     and quasi-convex of order   , and type     in  U . 

         

Now, we introduce the subclasses   ;kUS ,   ;kUC ,    ,;kUK   and    ,;kUK   of the 

class  A   for  1,0    , and  0k  , which are defined by 
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We note that 
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Corresponding to a conic domain  ,k   defined by 
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we define the function   zqk ,   which maps  U   onto the conic domain  ,k   such that  1 ,k   

as the following: 
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Making use of the principal of subordination and the definition of   zqk ,  , we may rewrite the 

subclasses   ;kUS  ,   ;kUC  ,    ,;kUK   and    ,;kUK   as the following: 
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We consider the following normalized form 
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where  .,Z\C,1 0 Uz    Note that the normalized wright function   ,W   was studied 

recently in [13]. 

 

Now, we define an operator   ,W   as follows: 
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Note that the function  )(,, zcb   was studied recently in [1, 2, 11] and  )(zg   was investigated in 

[3, 12, 14 ]. 

 

Corresponding to the function  )(, zW   defined by (1.13), we introduce a function  )(, z
W   given 

by 

                               .)0(
)1(

)()( ,, 


 





z

z
zz WW                                                          (1.16) 

 

We now define an operator  AAW :)(, zf
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If  )(zf   is given by  )1.1(  , then from  )17.1(  , we deduce that 
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It is easily to deduce from (1.18) that. 
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Next, by using the operator  

 ,W  , we introduce the following classes of analytic functions for  
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We also note that 
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In this paper, we investigate several inclusion properties of the classes    ;;kUS  ,    ;;kUC  

,    ,;;kUK   and    ,;;kUK   associated with the operator  

 ,W   Some applications 

involving integral operators are also considered. 

 

2. Inclusion Properties Involving the Operator 

 ,W   

 

In order to prove the main results, we shall need the following lemmas. 
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where   zp   is analytic in  U   with    10 p  . From (1.19) and (2.5), we have 
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Differentiating (2.6) with respect to  z   and multiplying the result equation by  ,z   we obtain 
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From this and the argument given in Section 1, we may write 
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                                     .0)1(, U zzqk                                                                   (2.9) 

 

Applying Lemma 1 to (2.8), it follows that     zqzp k ,  , that is,    ;;kUSf   . 

 

Theorem 2.     .;;;;1  kUCkUC    

Proof. Applying (1.24) and Theorem 1, we observe that 

       

   

   ,;;

;;

;;1;;1







kUCzf

kUSzzf

kUSzzfkUCzf















 

which evidently proves Theorem 2. 

       

Theorem 3.     .,;;,;;1  kUKkUK    

Proof. Let    ,;;1 kUKf   . Then, from the definition of    ,;;1 kUK   , there exists a 

function     ;kUSzr    such that 

 

                                           
  

 
 .,

1

,
zq

zr

zfz
k 







W

                                                                      (2.10) 

 

Choose the function   zg   such that     zrzg 1

,


W  . Then,  g    ;;1 kUS     and 

 

                                           
  
 

 .,1

,

1

,
zq

zg

zfz
k 









 

W

W
                                                                    (2.11) 

 
Now let 

                                    
  
 

,
,

,

zg

zfz
zp







W

W


                                                                               (2.12) 

 

where   zp   is analytic in  U   with    10 p  . Since    ;;1 kUSg    , by Theorem 1, we 

know that  g      ;;kUS   . Let 

 

                                   
  
 

 ,
,

,
U



 z
zg

zgz
zt







W

W
                                                                  (2.13)  

 

where   zt   is analytic in  U   with     .
1




k

k
zt


  Also, from (2.13), we note that 

 

                                    .,,, zpzgzfzzfz 






 WWW 


                                                   (2.14)  
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Differentiating both sides of (2.14) with respect to  z   and multiplying the result equation by  z , 

we obtain 

 

            
  
 

  
 

         .
,

,

,

,
zpzzpztzpzzp

zg

zgz

zg

zfzz





















W

W

W

W
                                          (2.15) 

 

Now using the identity (1.19) and (2.15), we obtain 

 

  
 

 

 

    

    zgzgz

zfzzfzz

zg

zfz

zg

zfz































,,

,,

1

,

1

,

1

,

1

,

)1(

)1(

WW

WW

W

W

W

W























 

 

 

 

 

 

 
)1(

,

,

,

,
)1(

,

,










































































zg

zgz

zg

zfz

zg

zfzz

W

W

W

W

W

W

 

 

       
  )1(

)1(










zt

zpzpzzpzt
 

                                 

(2.16)                                                        
 

 
.

)1( 




zt

zzp
zp     

 

Since  0)1(    and    
1




k

k
zt


 , we see that 

 

                                   .0)1( U zzt                                                                        (2.17) 

 

Hence, applying Lemma 2, we can show that     zqzp k ,   so that    ,;;kUKf   . This 

completes the proof of Theorem 3. 

         

Theorem 4.     .,;;,;;1  kUKkUK     

Proof. Just as we derived Theorem 2 as consequence of Theorem 1 by using the equivalence 

(1.24), we can also prove Theorem 4 by using Theorem 3 and the equivalence (1.25). 

 

3. Inclusion Properties Involving the Integral Operator  Fc   

 

In this section, we consider the generalized Libera integral operator   ] 7 6, [4, seecF   defined by 
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                                     .1;
1 1

0



 

 cfdttft
z

c
zfF c

z

cc A                                                 (3.1) 

 

Theorem 5. Let  
1




k

k
c


 . If    ;;kUSf   , then     .;;  kUSfFc

   

Proof. Let    ;;kUSf    and set 

 

                                   
   
  

 ,
,

,
U



 z
zfF

zfFz
zp

c

c







W

W
                                                                   (3.2)  

 

where  zp  is analytic in U  with    10 p  . From (3.2), we have 

 

                              .1 ,,, zfFczfczfFz cc








 WWW 


                                                      (3.3) 

 
Then, by using (3.2) and (3.3), we obtain 

 

                                          
 

  
  .1

,

,
czp

zfF

zf
c

c









W

W
                                                                (3.4) 

  
Taking the logarithmic differentiation on both sides of (3.4) and multiplying by  z  , we have 

 

                            
 

 

  
 

 .,

,

,
zq

zf

zfz

czp

zpz
zp k 







W

W






                                                          (3.5)  

 

Hence, by virtue of Lemma 1, we conclude that     zqzp k ,   in  U  , which implies that  

    ;;kUSfFc

  . 

 

Theorem 6. Let  
1




k

k
c


 . If    ;;kUCf   , then      ;;kUCfFc   . 

 Proof. By applying Theorem 5, it follows that 

 

       

    

     





;;

)5(;;

;;;;

kUSzfFz

TheorembykUSzzfF

kUSzzfkUCzf

c

c



















 

                         

(3.6)                                                           ,;;  kUCzfFc                

 

which proves Theorem 6. 
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Theorem 7. Let  
1




k

k
c


 . If    ,;;kUKf   , then      ,;;kUKfFc   . 

Proof. Let    ,;;kUKf   . Then, in view of the definition of the class    ,;;kUK  , there 

exists a function    ;;kUSg    such that 

 

                                             
  
 

 .,

,

,
zq

zg

zfz
k 







W

W


                                                                     (3.7) 

 
Thus, we set 

                                     
   
  

 ,
,

,
U



 z
zgF

zfFz
zp

c

c







W

W
                                                           (3.8) 

 

where   zp   is analytic in  U   with    10 p  . Since    ;;kUSg   , we see from Theorem 5. 

that      ;;kUSgFc

  . Using (3.3) and let 

 

                                          
   
  

,
,

,

zgF

zgFz
zt

c

c







W

W


                                                                      (3.9) 

 

where   zt   is analytic in  U   with    
1




k

k
zt


 . Using (3.8), we have 

 

                                              .,, zpzgFzfFz cc





 WW                                                       (3.10) 

 
Differentiating both sides of (3.10) with respect to  z   and multiplying by  z  , we obtain 

 

   
  

   
  

   zpzzp
zgF

zfFz

zgF

zfFzz

c

c

c

c





















,

,

,

,

W

W

W

W
                                                                               

                                                                                                                                  .zzpzpzt




(3.11) 
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Now using the identity (3.3) and (3.11), we obtain 

 

  
 

 

 

      

      

   
  

   
  

   
  

       
 

.

,

,

,

,

,

,

,,

,,

,

,

,

,

czt

zcpzpzzpzt

c
zgF

zgFz

zgF

zfFz
c

zgF

zfzFz

zgFczgFz

zfFzczfFzz

zg

zfz

zg

zfz

c

c

c

c

c

c

cc

cc















































































W

W

W

W

W

W

WW

WW

W

W

W

W

 

(3.12)                                                                   
 

  czt

zpz
zp




                                           

Since  
1




k

k
c


  and    

1




k

k
zt


 , we see that                                                                                                                                                                                                                                                                             

 

                                            .0 U zczt                                                                      (3.13) 

 

Applying Lemma 2 to (3.12), it follows that     ,, zqzp k    that is     ,;;kUKfFc   . 

            

Theorem 8. Let  
1




k

k
c


 . If    ,;;kUKf   , then      ,;;kUKfFc

  . 

 
Proof. Just as we derived Theorem 6 as consequence of Theorem 5 and (1.24), we easily deduce 

the integral-preserving property asserted by Theorem 8 by using Theorem 7 and (1.25). 
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