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Abstract 

The binary quadratic equation represented by the positive pellian 3672 22  xy  is analysed 

for its distinct integer solutions. A few interesting relations among the solutions are given. 

Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbolas, parabolas and special Pythagorean triangle. 
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1. Introduction

The binary quadratic equation of the form 122  Dxy  where D is non-square positive integer 

has been studied by various mathematicians for its non-trivial integral solutions when D takes 

different values [1-4]. For an extensive review of various problems, one may refer [5-20]. In this 

communication, yet another interesting hyperbola given by 3672 22  xy  is considered and 

infinitely many integer solutions are obtained. A few interesting properties among the solutions 

are presented. 

2. Method of Analysis

Consider the binary quadratic equation 

3672 22  xy (1) 

whose smallest positive integer solution is 18,2 00  yx
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To obtain the other solutions of (1), consider the pell equation 172 22  xy  whose solution is 

given by  

                    nnnn fygx
2

1~,
722

1~                                                                                        (2)   

where, 
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Applying Brahamagupta Lemma between  00 , yx and  nn yx ~,~ , the other integer solutions of 

(1) are given by  

                    nnn gfx 97272 1   

                     nnn gfy 7291   

The recurrence relations satisfied by the solutions (2) are given by 

                   034 123   nnn xxx  

                  034 123   nnn yyy  

Some numerical examples of yx &  satisfying (1) are given in the Table 1 below: 

Table 1: Examples 

n  nx  ny  

0 2 18 

1 70 594 

2 2378 20178 

3 80782 685458 

4 2744210 23285394 

 

From the above table, we observe some interesting relations among the solutions which are 

presented below: 

1) nx  and ny  values are always even. 

2) Each of the following expressions is a nasty number: 

 12993 2232   nn xx  

 
34

40833633 2242   nn xx
 

 
17

20416806 2232   nn xy
 

 
577

6924570726 2242   nn xy
 

 
17

20448198 3222   nn xy
 

 121680198 3232   nn xy  
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 
17

20457072198 3242   nn xy
 

 
577

6924486726 4222   nn xy
 

 
17

20416806726 4232   nn xy
 

 12570726726 4242   nn xy  

 12336399 3242   nn xx  

 
3

3635 3222   nn yy
 

 
102

12241189 4222   nn yy
 

 
3

36351189 4232   nn yy
 

3) Each of the following expressions is a cubical integer: 

   123343 3312334   nnnn xxxx  

   133353 1121311214624   nnnn xxxx  

   123343 2520932520923409   nnnn xyxy  

   133353 856089385608926967249   nnnn xyxy  

   214333 7229737229723409   nnnn xyxy  

   224343 2520297325202973   nnnn xyxy  

   234353 8560829738560829723409   nnnn xyxy  

   315333 72100893721008926967249   nnnn xyxy  

   325343 252010089325201008923409   nnnn xyxy  

   335353 8560810089385608100893   nnnn xyxy  

   234353 10089297310089297324   nnnn xxxx  

   214333 35335324   nnnn yyyy  

   315333 118931189374544   nnnn yyyy  

   325343 3511893351189324   nnnn yyyy  

4) Relations among the solutions: 

 123 1861218   nnn xxx  

 121 153918   nnn xxy  

 122 915318   nnn xxy  

 123 153519318   nnn xxy  

 131 51939612   nnn xxy  
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 132 153153612   nnn xxy  

 133 95193612   nnn xxy  

 121 12969153   nnn xyy  

 131 4406495193   nnn xyy  

 132 12961535193   nnn xyy  

 221 12961539   nnn xyy  

 231 44064153153   nnn xyy  

 232 12969153   nnn xyy  

 323 12969153   nnn xyy  

 332 153189   nnn xyx  

 331 4406451939   nnn xyy  

 231 519315318   nnn xxy  

 232 153918   nnn xxy  

 213 51931531296   nnn yyx  

 213 6121818   nnn yyy  

 

3. Remarkable Observation 

 

I.  Employing linear combinations among the solutions of (1), one may generate integer solutions 

for other choices of hyperbola which are presented in the Table 2 below: 

 

Table 2: Hyperbolas 

S.no  YX ,  Hyperbola 

1  1221 33,35   nnnn xxxx  12967281 22  XY  

2  1331 1121,1189   nnnn xxxx  14981767281 22  XY  

3  1221 25209,297   nnnn xyyx  9363672 22  XY  

4  1331 856089,10089   nnnn xyyx  10786899672 22  XY  

5  2112 72297,359   nnnn xyyx  9363672 22  XY  

6  2222 2520297,35297   nnnn xyyx  32472 22  XY  

7  2332 85608297,3510089   nnnn xyyx  9363672 22  XY  

8  3113 7210089,11899   nnnn xyyx  10786899672 22  XY  

9  3223 252010089,1189297   nnnn xyyx  9363672 22  XY  

10  3333 8560810089,118910089   nnnn xyyx  32472 22  XY  

11  2332 10089297,351189   nnnn xxxx  129672 22  XY  
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12  2112 35,33   nnnn yyyy  373248324288 22  XY  

13  3113 1189,1121   nnnn yyyy  

3463782912

26012312 22  XY
 

14  3223 351189,10089297   nnnn yyyy  9331272 22  XY  

   

II. Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices of parabola which are presented in the Table 3 below: 

 

Table 3: Parabolas 

S.no  YX ,  Parabola 

1  223221 33,35   nnnn xxxx  64816272 2  YX  

2  224231 1121,1189   nnnn xxxx  749088550872 2  YX  

3  223221 25209,297   nnnn xyyx  4681815372 2  YX  

4  224231 856089,10089   nnnn xyyx  53934498519372 2  YX  

5  322212 72297,359   nnnn xyyx  4681815372 2  YX  

6  323222 2520297,35297   nnnn xyyx  162972 2  YX  

7  324232 85608297,3510089   nnnn xyyx  4681815372 2  YX  

8  422213 7210089,11899   nnnn xyyx  539344519372 2  YX  

9  423223 252010089,1189297   nnnn xyyx  4681815372 2  YX  

10 
















4242

33

8560810089

,118910089

nn

nn

xy

yx
 162972 2  YX  

11  324232 10089297,351189   nnnn xxxx  6481872 2  YX  

12  322212 35,33   nnnn yyyy  576162  YX  

13  422213 1189,1121   nnnn yyyy  6658565442  YX  

14  423223 351189,10089297   nnnn yyyy  4665612962  YX  

  

III. Consider 111 ,   nnn xnyxm . Observe that 0 nm . Treat m, n  as the generators 

of the Pythagorean Triangle   ,,T , where mn2 ,
22 nm  , 

22 nm   

          Then the following interesting relations are observed: 

                 a)  363536    

                 b)  36
144

37 
P

A
  

                 c)  72
144

383634 
P

A
  
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                 d)  11

2
 nn yx

P

A
 

 

4. Conclusion 

      

In this paper, we have presented infinitely many integer solutions for the hyperbola represented 

by the positive Pell equation 3672 22  xy . As the binary quadratic Diophantine equations 

are rich in variety, one may search for the other choices of positive Pell equations and determine 

their integer solutions along with suitable properties. 
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