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ABSTRACT

In1916, Srinivasa Ramanujan defined the Mock Theta functions in his lost notebook and
unpublished papers. We prove the Mock Theta Conjectures with the help of Dyson’s rank and
S. Ramanujan’s Mock Theta functions. These functions were quoted in Ramanujan’s lost
notebook and unpublished papers. 1n1916, Ramanujan stated the theta series in x like A(x),
B(x), C(x), D(x). We discuss the Ramanujan’s functions with the help of Dyson’s rank
symbols. These functions are useful to prove the Mock Theta Conjectures. Now first Mock
Theta Conjecture is “The number of partitions of 5n with rank congruent to 1 modulo 5
equals the number of partitions of 5n with rank congruent to 0 modulo 5 plus the number of
partitions of n with unique smallest part and all other parts the double of the smallest part”,
and Second Mock Theta Conjecture is “The double of the number of partitions of with rank
congruent to 2 modulo 5 equals the sum of the number of partitions of with rank congruent
to 0 and congruent tol modulo 5, and the sum of one and the number of partitions of n with
unique smallest part and all other parts [1 one plus the double of the smallest part”. This
paper shows how to prove the Theorem 1.3 with the help of Dyson’s rank symbols
N(0,5,5n+1), N(2,5, 5n+1) and shows how to prove the Theorem 1.4 with the help of
Ramanujan’s theta series and Dyson’s rank symbols N(1,5, 5n+2), N(2,5, 5n+2) respectively.
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1. INTRODUCTION

In this paper we give the definitions of 7z, rank of partition, N(m,n), N(m,t,n), Z, (x), , (zx), , (x")

(x:x%), »2o(n), p(n), A(n) andg,(n) which are collected from Ramanujan’s Lost Notebook VI
and generate the generating functions of Dyson’s Rank. We generate the generating functions for
A(x), D(x), ¢(x), P(X), p,(n) and p,(n) and prove the two Theorems first and second mock theta
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conjectures respectively. We give two numerical examples which are related to first and second
mock theta conjectures respectively when n = 1. We generate the generating functions for g (n)
and g,(n) collected from Ramanujan’s Lost notebook V1. We prove the Theorem 3 in terms of
B,(n) with the help of Ramanujan’s identities and prove the Theorem 4 in terms of g,(n) with the
help of Dyson’s rank symbols and Ramanujan’s identities.

2. SOME RELATED DEFINITIONS

7 . A partition.

Rank of partition: The largest part of a partition 7 minus the number of parts of .
N(m,n): The number of partitions of n with rank m.

N(m,t,n): The number of partition of n with rank congruent to m modulo t.

z: The set of complex numbers.

(x),,: The product of infinite factors is defined as follows:

X), =(1-x)(1—x?)1—Xx)....0 . where|x] < 1.
zx),,: The product of infinite factors is defined as follows:

2x), = (1- 2x) (1 2¢ ) (1— 25¢)..00

x”)m The product of m factors is defined as follows:

Xy =) -x ). - xem)
(xk ) The product of m factors is defined as follows:
(Xk x5 )m _ (1_ X )(1_ Xk+5)(1_ Xk+10)m (1_ Xk+(m—1)5).
po(n): The number of partitions of n with unique smallest part and all other parts < the double of
the smallest part.
,ol(n): The number of partitions of n with unique smallest part and all other parts < one plus the

double of the smallest part.
B,(n): The number of partitions of n into 1’s and parts congruent to 0 or —1 modulo 5 with the

largest part =0(mod5)<5 times the number of 1’s.
5,(n): The number of partitions of n into 2’s and parts congruent to 0 or — 2 modulo 5 with the
largest part =0(mod5)<5 times the number of 2s.

3. RANK OF A PARTITION [DYSON (1944)]

The rank of a partition is defined as the largest part of a partition 7 minus the number of parts of
the partition 7 .Thus the partition 5 + 4+ 1 + 1 of 11 has rank 5-4= 1. The rank of a partition of
11 belongs to any one of the residues (mod 11) and we have exactly 11 residues.

3.1.The generating function for N(m, n) [Garvan (2013)] is given below;
We get N(m,n)is the number of partitions of n with rank m, like

The ranks of partitions of 3 are given in the Table-1
n Type of partitions Rank
3 3 3-1=2
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2+1 2-2=0
1+1+1 1-3=-2

The ranks of partitions of 4 are given in the Table-2

n Type of partitions Rank Rank (mod 5)
4 4 4-1=3 =3

3+1 3-2=1 =1

242 2-2=0 =0

2+ 1+1 2-3=-1 |=4

1+1+1+1 1-4=-3 =2

We can write an expression as;
I+ X+ (Z+z2 Y+ A+ 22+ 2+ A+ z+z2 + 22+ 23X+
[The exponent of z being the rank of partitions of any positive integer of n]

= i i N(m,n)z"x"

n=0 m=—x0
X X4 S S myn
ot 1-zx)1- z‘lx)+ Q- zx)- 2 JL—- 27 x 1 - z‘lxz)Jr T ;m;n'\' (m, n)z7x
or, i X — = i i N(m,n)z"x" ,where the power of z are the rank of n.
n=0 (Zx)n A 1X n n=0 m=—0

. > myn _ S an
..;mZN(m,n)z X _gm

We can generate the generating function for N(m, n) in another way

3.2.The generating function for N(1,n) is given below;
We get, n(z, n) is the number of partitions of n with rank 1 given in the Table-3

n Type of partitions N(Ln)
none

2

none

3+1

3+2

4+1+1, 3+3

O[O R[WIN[F
N[O |O

We can write an expression as;
N(LO0)+ N@LL)x+ N(1,2)x* + N(1,3)x* + N(1,4)x" +..., where N(1,0)=0
=0+ X +0+x'+x°+2x° +...
==X =x"+x*+..) @+ x+2x* +3x° +5x* +..)

M(3n-1)+n

=3 (e )

n=1 i=ll—X

[Garvan (1988)]
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...i(_l)nflxz(%—l)m( —Xn)ﬁ 1 = - N(l, n)x”. (3.2&)
1= n=0

>
Il
N

3.3.The generating function for N(—1,n) is given below;
We get, N(—l, n) is the number of partitions of n with rank -1 given in the Table-4
n Type of partitions N(-1, n)
none

0

1+1 1
none 0
1

1

2

2+1+1
2+2+1
3+1+1+1, 2+2+2

O[O R[W[N]F

We can write an expression as;
N(=1,0)+ N(=11)x + N(=1,2)x* + N(=1,3)x* + N(=L,4)x* +..., where N(-10)=0
=0+ X2 +0+x x>+ 2x°0 4.,
=(x* =X =X"+xX*+..) (L+x+2x* +3x* +5x* +..)

- Z P ixz 2 M( - x”)]_o"o[lﬁ [Garvan (2013)]
11—

n=

.°°__1 (3n:L)+n_nOO 1
DT )T

-=> N(-Ln)x". (3.3a)
n=1 X n=0

From (3.2a) and (3.3a) we get, N(1,n) = N(-1,n), [by equating the coefficient of x"].

3.4.The generating function for N(2,n) is given below;
We get, N(2,n) is the number of partitions of n with rank 2 given in the Table-5

n Type of partitions N(2,n)
1 none 0
2 none 0
3 3 1
4 none 0
5 4+1 1

We can write an expression as;

N(2,0)+ N(21)x + N(2,2)x* + N(2,3)x* + N(2,4)x* +..., where N(2,0)=0
=0+ x>+ x>+ x°+...

=(x3—x*=x®+..) @+ x+2x* +3x° +5x" +..)

o0

_i n-1 23n 1}+2n< —X ):1 z (2,[‘]))(”.

n=! n=0
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.'.i(—l)”‘lx5(3n_l)+2n(1—x”)ﬁ ! =iN(2, nx". ... (3.4a)
n=1 1-x n=0

From (3.2a),(3.3a) and (3.4a) we can conclude that,
& . E(3n—1)+\m\n o 1 ks

—1)"*x2 1-x" N "
(0 L) = SN

n=1 J 1— XJ -
Now we can generate the generating function for N(m,t, n) [Atkin et al. (1954)]:

We get N(m,t, n) is the number of partitions of n with rank congruent to m modulo t.

3.5.The generating function for N(0,5,n) is given below:
We get, N(O,5, n) is the number of partitions of n with rank congruent to 0 modulo 5
given in the Table-6

n Type of partitions N(0,5,n)
1 1 1
2 none 0
3 2+1 1
4 242 1

We can write an expression as;
N(0,5,0)+ N(0,51)x + N(0,5,2)x* + N(0,5,3)x* +..., where N(0,5,0)=0

=0+ x+xX3+x*+...

-3 (-1) x%(3n+l)(1+ X" Xl— x> )_1(1+ X+ 2x° +3x° +5x* +...)
n=1

i(— 1) xg(3n+l)(1+ X L X" )_1 ﬁ(l— X' = i N(0,5,nk". ... (3.5a).
n=1 j= n=0

3.6.The generating function for N(3,5,n) is given below:
We get, N(3,5, n) is the number of partitions of n with rank congruent to 3 modulo 5 given
in the Table-7

n Type of partitions N(3,5,n)
1 none 0
2 none 0
3 1+1+1 1
4 4 1

We can write an exp}é'ssion as;
N(3,5,0)+ N(3,51)x + N(3,5,2)x* + N(3,5,3)x* +..., where N(3,5,0)=0

=04+0+x3+x*+...

-3 (-2) x5(3n+l)(x3n X=X (L X+ 2% +3x° )
=1

n
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e}

S (=) XZ(SM)(XS” +x2”X1—x5”)1ﬁl 1

n=1 I X

~3INE5NK". ... (3.69)

3.7.The generating function for N(4,7,n) is given below:
We get, N(4,7, n) is the number of partitions of n with rank congruent to 4

modulo 7 given in the Table-8
n Type of partitions

N

none 0
none 0
0

1

1

(4,7,n)

none
1+1+1+1
5

O[R[N

We can write an expression as;
N(4,7,0)+ N(4,7,1)x + N(4,7,2)x* + N(4,7,3)x> + N(4,7,4)x* +...+ N(4,7,8)x° +...,
where N(4,7,0)=0
=0+0+x*+x>+x°+...
— i 2t (x“” + x> Xl— x7“)71[1+ X+ 2% +3x> +5x* +..]

n=;

o0

N D@ni) o N N = n
A3 e e e - X T - XJ ZN (47,nX".... (3.7a).

n=1 s

From (3.5a),(3.6a) and (3.7a) we can conclude that,

i 3n+

.'.Z(—l)“xz( 1)(x + X" ”‘)Xl xt”) | —ZN m,t,nx" ,
n=1

which shows that all the coefficients of x~ (Where n is any positive integer) are zero.
Now we define the generating functions;

r,(d) forN(a,t,tn+d) , where r(d)=r,(d,t) :i N(at,tn+d)x", and
n=0

ra’b(d):ra‘b(d,t):ra(d)—rb(d)=i (attn+d)-N(bt,tn+d)}x"

n=0

;0<k <10.

Result 1: N(k1111n +6) = w

Proof: We get the list of all partitions of 17 is;
17,16+1,15+2,15+1+1,14+3,14+2+1,14+1+1+1,13+4,13+3+1,13+2+2,13+2+1+1,13+1+1+1+1,1
245124441, ... 1+H1+HIHIHTHTHTH T LT T T+

Hence, there are 297 partitions i.e., P(17) = 297.

Now their corresponding ranks are;

16,14,13,12,12,11,10,11,10,....,-10,-11,-12,-12,-13,-14,-16.
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N(01117)= N(11117) = N(2,1117) = N(31117) = N(41117) = ...
- N(91117) = N(104117) = 27 = 2 &7

So, we can say that; N(k,1117) = %;0 <k <10.

P(L1n + 6)
1

Generally we can conclude that; N(k,1111n+6) = ;0 <k <10.Hence the Result.

@;ogg.

Similarly we can see the Result 2: N(k,5,5n+4) =

P(7n+5)
7

And the Result 3: N(k,7,7n+5) = 0<k<6.

Remark 1 [Atkin et al. (1954)] : N(m,t,n)=N(t—m,t,n)

Proof: The generating function for N(1,5, n) is given below:

We get, N(1,5,n) is the number of partitions of n with rank congruent to 1 modulo 5
given in the Table-9

n Type of partitions N(L5,n)
1 none 0
2 2 1
3 none 0
4 3+1 1

We can write an exp}é'ssion as;

N(L5,0)+ N(L51)x + N(15,2)x* + N(1,5,3)x° +..., where N(1,5,0)=0
=0+0+X°+0+ X" +...

1

_ i (-1) x5(3n+1)(xn + x40 Xl— X" )71 11;[11_ 3

n

i(_ 1)n X§(3n+1)(xn 4 Xl_ X5 )*1 ﬁ(l— ¥ )71 _ i N (1’5’ n)x" . (37h)
n=1 j= n=0
Again the generating function for N(4,5, n) is given below:

We get, N(4,5, n) is the number of partitions of n with rank congruent to 1 modulo 5
given in the Table-10

n Type of partitions N(4,5,n)
1 none 0
2 2 1
3 none 0
4 3+1 1

We can write an exp).féssion as;
N(4,5,0)+ N(4,51)x + N(4,5,2)x* + N(4,5,3)x* +..., where N(4,5,0)=0

=0+0+X*+0+x*+...
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E(3n+1) © 1

- i(—l)”x2 (x” + x“”Xl— xf’”)fl Jl;[ll_ N

3 e T = SN@S . (370)

= n=0

From (3.7b) and (3.7¢) we get;

N(L5,n)=N(4,5,n)

-~ N(&5,n)=N(5-15,n).

It follows that, N(m,5,n)=N(5-m,5,n); m=[0,4].

Generally, we can conclude that, N(m,t,n)=N(t—m,t,n). Hence the Remark.

Remark 2 [Garvan (1988)]: N(155n+1)=N(255n+1)

Proof: The generating function for N(2,5, n) is given below:

We get, N(2,5, n) is the number of partitions of n with rank congruent to 2 modulo 5
given in the Table-11

n Type of partitions N(2,5,n)
1 none 0
2 none 0
3 3 1
4 1+1+1+1 1

We can write an ex.r.)'ression as;
N(2,5,0)+N(251)x+ N(2,52)x* + N(2,5,3)x* +..., where N(2,5,0)

=0+0+x3+x*+...

0

- i(— 1) xg(sm)(x2n + X Xl— x> )71 100"[1 1
i

n=1 1- XJ

S (=) x5(3n+l)(xZn X f—x ) 11 1 > N(25,nk"

n=1 1-x n=0

=x3+x" +2x° +2x" +5x% +6%° +8x° +11xM + ...

=+ x* + N(2,56)x° +2x” +5x% +6x* +8x° + N(251)x" +...  (3.7d)
Again from (3.7b) we get;

- n E(3n+1) n n n Y1t - iyt _ S n
> (-1)'x? (x +x* Xl—x5) g(l—xj) => N(L5,nKX".

n=0

n=1

=X2+ 03+ X+ 2x° + 2x° L+ OX XM 4
=%+ x* +2x° + N(L,5,6)x° +...+ 9x"* + N(L5,1)x" +... (3.7¢)

From (3.7d) and (3.7e) we get;
N(L5,6)=N(256), N(1511)=N(2511), N(1,516)=N(2516), ...
Generally, we can conclude that; N(1,5,5n+1)=N(2,55n+1). Hence the Remark.

Similarly we can see the Remark 3: N(0,5,5n +2)= N(2,5,5n +2).
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Remark 4: N(0,7,7n+4)=N(L7,7n+4)

Proof: The generating function for N(0,7,n) is given below:

We get, N(O,7, n) is the number of partitions of n with rank congruent to 0 modulo 7
given in the Table-12

n Type of partitions N(0,7,n)
1 1 1
2 none 0
3 2+1 1
4 2+2 1

We can write an expression as;

N(0,7,0)+ N(0,7,1)x+ N(0,7,2)x* + N(0,7,3)x* + N(0,7,4)x* +...+ N(0,7,11)x" +
where N(0,7,0)=0

= x+x3+x“+x5+x6+3x7 o+ 8x

< n+l n n l

nzl“ x2 (1+ X’ Xl x’ ) }_[11 S

P SN I (W) (R ) S N1 W (3.7f)
n=1 i 11 XJ n=0

Again, the generating function for N(1,7,n) is given below:
We get, N(1,7,n) is the number of partitions of n with rank congruent to 1 modulo 7
given in the Table-13

n Type of partitions N(L7,n)
1 none 0
2 2 1
3 none 0
4 3+1 1

We make the expression;

N(L7,0)+ NL71)x+ N(L7,2)x* + NL,7,3)x* + N(L,7,4)x* +...+ N(L,711)x" +
where N(1,7,0)=0

X2+ X+ X%+ +8x +

I
s L[Ms f

(-1) XE(BM)(Xn X=XV L+ X+ 252 43X 45X +..]

S (=) xg(gm)(xn X - XTI
n=1

From (3.7f) and (3.7g) we get;
N(0,7,4)=N(L7.4), N(0,711)=N(L711)

Generally, we can conclude that; N(0,7,7n+4)=N(17,7n+4). Hence the Remark .

iN (L,7,n)k". (3.79)

11 xJ
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Similarly we can see the Remark 5: N(2,7,7n)=N(3,7,7n).
Remark 6: N(2,7,7n+1)= N(3,7,7n +1).
Remark 7: N(0,7,7n+2)=N(3,7,7n+2).

And the Remark 8: N(17,7n+3)=N(3,7,7n+3).

18

QT‘(" = 7=y T 0 ¢
—= P
T = - T
¢ \,"’17’.‘;) = rd ¥
o e Y ) ,” )] 30 a7
Fod)= rraterer T < T F i)
= :

-2 Y - —— ) ¢
. ‘&Y 7 L o ? -

Fig. 1. The rank functions 4 (% Jand Y ) are stated by Ramanujan in his Lost Notebook (1916).

Corollary 1: Prove that ¢(x) =1, ,(0).
Proof: We get,
¢(x)=—1+{ !, X + x* + oo}
1-x 1-x)-x*)2-x") " @-x)i—x)i—x"Ja—x®)a—x)
[Ramanujan’s lost notebook (1916 )]
= 1 (L4 X4 X% +..00)+ X (L X4 X +.000) (14X + .00 ) (14 X° + .00 ) +...0
=X+ X+ X+ x 23+ 2x° + 2% +2x% + .00
=(0-0)+(2-Dx+(9-8)x* +..0
={N(15,0) - N(2,5,0)} + {N(1,5,5) — N(2,5,5) }x + {N (1,5,10) — N(2,510) }x* +....

— 3" {N(155n)— N(2,5,5n)} x"

= r1,2(0)'
~.#(x)=r,,(0). Hence the Corollary.
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D(3);
> ”/ ‘:,"‘ ‘!', ; , :7.', ‘._ 227 § D(p) v'—fygzr
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— o
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%C.”)_fr ]t'}‘,?—';‘_ ~T‘:”
and

Fig. 2. The rank functions /f(r;) 7). ('\(/) o) /( ;) \//(y
| are stated by Ramanujan in his Lost Notebook (1916).

Corollary 2 [Andrews et al. (1989)]: Prove that A(x)=1+T1,,(0)+2r,,(0)

Proof: We get, A(x)= 11 (1_ Xsn_s) (1_ Xsn_z) (1_ Xsn) , [Ramanujan’s lost notebook(1916)]
n=1 (1 NG )2 (1 _ o

_ 1-x2=x*+x +..0
(L= x - x* fl—x*) .0
= (1— x?—x3+x° +...oo)(1+ 2X + 3x? +...oo) (1+ 2x* +3x% + ...oo)...oo

=1+2X+2x* +X* +2x* +..0
=1+ Z (0,5,5n)—N(2,55n)+2 N(L5,5n)—2N(2,5,5n)} X"

_1+Z{N(055n) N(2,5,5n)} x" +2Z (1,5,5n)— N(2,5,5n)} x"

=1+ r0’2(0)+ 2r,,(0).
- A(X) =1+1,,(0)+2r,,(0). Hence the Corollary.

Corollary 3[Andrews (1979)]: Prove that D(x) = r,,(3)+1,,(3)
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Proof: We get, p(x)= ﬁ(l - x")a-x) , [Ramanujan’s lost notebook(1916)]
=1 (1 x5"3)2 1—x5”’2)2
o l-x=x"+x 4.0
- fla-x*) - x7)"..0
:(1—x—x4+x7 +...oo)(1+ 2x% +3x* +...oo)(1+2x3+...oo)(1+ 2x’ +...oo)...oo
=1-x+2x*+0.x}+..0

i N(0,5,5n +3)— N(1,5,5n+3)+ N(0,5,5n +3)— N(2,5,5n + 3)} X"

{N(0,5,5n +3)— N(1,5,5n + 3)} x" + i{N (0,5,5n +3)— N(2,55n+3)} x"

=, (3)+ I.(3).
~.D(X) =1,,(3)+1,,(3). Hence the Corollary.

I
M8

O

Corollary 4: Prove that ——= =
Proof: We get,

1 X5 X20

¥i)=-1 {2 ) ey o (1_xz)(l_xa)(l_x7)(1_x8)(1_x12)+"-°°}’

[Ramanujan’s lost notebook(1918)]

= —1+(1+ x? + x4 +...oo)+ x5(1+ NG +...oo) (1+ X3+ x° +...oo)(1+ X’ +...oo)+...oo
=X2 4+ X+ X+ X +2x + X + 2% +...00.
. ¥(x)
T

=X+ XXX+ 2X + X8+ 2% 4.0

i{N(Z 5,5n+3)—N(0,55n+3)} x"

.. —=2 =1, ,(3). Hence the Corollary.

4. The generating functions for p,(n) and p,(n) :

4.1.The generating function for p,(n) is given below;
We get po(n) is the number of partitions of n with unique smallest part and all other parts < the

double of the smallest part given in the Table-14

n Type of partitions 2,(n)
1 1 1
2 2 1
3 3,2+1 2
4 4 1
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S 5,3+2, 2+2+1 3
6 6, 4+2 2
7 7,443, 2+2+2+1 3

It is convenient to define p,(0)=0.
We can write an expression as;
o (O)"' Po (1))( + 5 (2)X2 T (3))(3 + 5 (4)X4 + 0 (5))(5 + (6)X6 + 5 (7)X7 +
=1X+1x2+2x3 +1.x" +3xX° +2.x° +3.x" +..

=X+ X2+ 23+ x* +3x° +2x° +...0
3 5

or,ipo(n)x”: X 4 X + X
n

1-x  [L-x*)2-x°) (1—x3)(1_x4)(1_xs)+...oo

] © © X2n+1
le. nZ:O:/?o( nz_(;(—)*xnﬂ (4.12)

Now we prove the Theorem, which is known as First Mock Theta Conjecture.

Theorem 1: The number of partitions of 5n with rank congruent to 1 modulo 5 equals the
number of partitions of 5n with rank congruent to 0 modulo 5 plus the number of partitions of n
with unique smallest part and all other parts < the double of the smallest part,

i.e. N(155n)=N(055n)+ p,(n), where py(n) is the number of partitions of n with unique smallest

part and all other parts < the double of the smallest part.
Proof: From (4.1a) we get;

3 5 0

) B i) &Y

= X+ X2+ 2%+ X +3x° +2X° +..00 = > po(n) X"
n=0

= 3¢(x)+1- A(x) = i p,(n)x" (By above)

:3r1,2(0)+1_(1+ o, 2( )+ 2r12( )) Z,D (By above)

= rl,Z(O)_ ro,z(o) = ipo (n) x" (By above)

= > {N(155n)-N(2,55n)- N(0,55n)+ N(2,55n);x" =" p(n)x"

8 EMS

:Z (1,5,5n) - (0,5,5n)}x”=ip0(n)x

n=0
Equatlng the coefficient of x" on both sides, we get;
N(1,5,5n)= N(0,5,5n)+ p,(n). Hence the Theorem.

Example 1: For n = 2, we have;
N(1510)=9 With the relevant partitions being: 8 +2,6 +1+1+1+1,5+3+1+1,
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5+2+2+1,4+4+2,4+3+3,3+2+1+1+1+1+1,2+2+2+2+1+1,
1+1+1+1+1+1+1+1+1+1,

But N(05.10)=8 With the relevant partitions being;
8+1+1,7+3,5+2+1+1+1,4+4+1+1,4+3+2+1,4+2+2+2,
3+1+1+1+1+1+1+1,2+2+2+1+1+1+1.

Again, p,(2)=1 with the relevant partition being 2.

~N(£5.10)= N(0,510)+ p,(2)-

4.2.The generating function for p,(n) is given below;
We get p,(n) is the number of partitions of n with unique smallest part and all other parts < one

plus the double of the smallest part given in the Table-15
n Type of partitions 2,(n)
1

2

3,2+1

4, 3+1

5, 3+2, 2+2+1

OR[N
WIN|IN [P

If we assume p,(0)=0.

We can write an expression as;
O+D)+@+1)x +@+21)x* + (2+2)x* + (2 +1)x* +(3+1)x° +..
=14+ 2X+2x2 +3x° +3x* +4x® + 4x° +6X +4x% + .0

1 X X2
= 1-x + (1_X2)(1_X3)+ (1_X3)(1_X4)(1_X5)+...oo

2

o 1 X X
e o (e () ()| i () A

ie. Z;{pl(n)u}x” = i();_f (4.2a)

Now we prove the Theorem, which is known as Second Mock Theta Conjecture.

or,

3 EMS

Theorem 2: The double of the number of partitions of 5n+3 with rank congruent to 2 modulo 5
equals the sum of the number of partitions of 5n+3 with rank congruent to 0 and congruent tol
modulo 5, and the sum of one and the number of partitions of n with unique smallest part and all
other parts < one plus the double of the smallest part.

I.6. 2N(255n+3)=N(05,5n+3)+ N(L55n+3)+ p,(n)+1, Where 5 (n) is the number of partitions of n
with unique smallest part and all other parts < one plus the double of the smallest part.

Proof: From (4.2a) we have;
o 1 X X

2o =1 i) e e i)

n=0

2

=14+2X+2x% +3x% +3x* +4x° +4x% +..0
:S—IP(X)+ D(x)
X
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U
s

{p(n)+1}x" =3 lP)((X) +D(x), (By above)

1l
o

n

=3r,,(3)+1,,(3)+1,,(3) =D {p.(n)+1} x" (By above)

n=0

{3N(2,55n+3)—3N(0,550+3)+N(05,5n +3)— N(L5,5n+3)+ N(0,55n+3)— N(2,55n+3)} X"

=§o{pl<n>+1}x

M

=

1l
o

n

Equating the coefficient of x" on both sides, we get;
2N(2,5,5n+3)— N(0,55n+3)— N(1,5,5n +3) = p,(n)+1
2N(2,5,5n+3)= N(0,55n+3)+ N(1,5,5n+3) + p,(n)+1. Hence the Theorem.

Example 2: For n = 1, we have; N(2,58)=5 with the relevant partitions being: 8,5+ 2 + 1,
4+4,3+1+1+1+1+1,2+2+2+1+1.
But N(1, 5, 8) = 4 with the relevant partitions being: 5+1+1+1,4+3+1,4+2+2,
2+2+1+1+1+1 andN(O, 5, 8) =4 with the relevant partitionsare: 7+1,4+2+1+1,
3+3+2,2+1+1+1+1+1+1.
Again, p, (1) =1, with the relevant partition being 1. Therefore, 2N(2, 5, 8) =2x5=10 =

4+4+1+1. I.e., 2N(2,58)=N(0,58)+ N(158)+ p,(1)+1.
5. The Generating Functions For g (n) and 4,(n) :

First we shall establish the following identity, which is used in proving the Theorems. If a and t
are both real numbers with |al <1 and [t| <1, we have;

(at), (- at)(l-atx)(1-atx’).. oo
), @-t)e-)L-oc). o

= {(1-at)(L-atx)... o} L+t + 12 +...c0) L+ tx + 1247 + .00 ) (L + t° + .0 .0

1t (L X X2 4 o0 -l X X2+ oo 871X+ 26+ 28 4.0 (L4 204 3K 4.0+
aZ(X + X% +2XC + 2X* +..00)+ .00
—1+ (1 a)t(l+ X+ X2 +..00)+ (1-a) (1—ax) {1+ X+ 26 + 2 +..00)+..00

 G-at -a)i-age (-a)i-ai-ad)

1-x  ([1-x)lt-x) ’ L-x)t-x*)L-x°)

+...0

e, (@ :i(a)ntn | (5a)
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5.1.The generating function for g,(n) is defined below;
We get £3,(n) is the number of partitions of n into 1’s and parts congruent to 0 or —1 modulo 5
with the largest part =0(mod5)<5 times the number of 1’s  given in the Table-16

Type of partitions 5.(n)

1 1
1+1 1
1+1+1 1
4, 1+1+1+1 2
1
2

1+1+1+1+1
o+1, 1+1+1+1+1+1

oo~ w(N k| 5

We can write an expression as;
£0)+ B+ B (2)x* + BB + B, (4)x* + B B)X° + S,(6)x° +..
=1+ X+ X2+ X+ 2+ x>+ 2x° + .0
1 X x*

DA T ) ) W e ) Wl T ) ) W

n

e, Z( 5. 5)n (X5n+4. X5)oo

=" B,(n)x" it is convenient to define A,(0)=1.

n=0

5.2.The generating function for ,(n) is given below;
We get ,Bz(n) is the number of partitions of n into 2’s and all other parts congruent to 0 or —2
modulo 5 with the largest part =0(mod5)<5 times the number of 2’s given in the Table-17

Type of partitions B,(n)

none
2

0

1

3 1
2+2 1
0

2

none
343, 2+2+2

olo|hwiNk 5

We can write an expression as;
Bo(0)+ B, Wx + B, (2% + B,(3)¢° + B, (4)x* + B,(5)x° + B, (6)x° +..
=140+ X2+ X+ x* +2x% +..0

1 NG x*

D DU o L ) N o (e () o P e ()
0 2n e
e, ;(XS; Xs)n)((x5”+3; ) = ;,Bz(n)xn , it is convenient to define 3,(0)=1.
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Corollary 5: B(x) =1,,(1)

© /5N
Proof: We get, B(x)= El (1_ Xs(.il Z ))El—)XSM ) [Ramanujan’s lost notebook (1916)]

:f[l(l—xs”)(ler .00 (L4 X5+ o0)
=(1-0)+(B-2)x+(12-1)x* + x* + 2x* +..0
i{ N(055n+1)—N(255n+1)}x"  =T1,,(1).
n=0

- B(X) =1,,(1) Hence the Corollary.

Corollary 6: C(x) =r1,(2)

Proof: We get, C(x)= ﬁ [Ramanujan’s lost notebook (1916)]

L
= ﬁ(l— XML+ X5 X070 oo )(L XET2 4 XM 4 oo)

= (1-0)+(3-3)x +(16-15)x? +..0

= > {N(155n+2)— N(255n+2)} X"

n=0
= r1,2(2)'
~.C(X) =1,,(2) Hence the Corollary.
Here we give two Theorems, [Andrews et al. (1989)] which are related to the terms ,Bl(n) and

3,(n) respectively.

Theorem 3: The number of partitions of 5n+1 with rank congruent to 0 modulo 5 equals the
number of partitions of 5n+1 with rank congruent to 2 modulo 5 plus the number of partitions of
n into 1’s and all other parts congruent to 0 or —1 modulo 5 with the largest part =0(mod5)<5
times the number of 1’s i, N(0,55n+1)=N(2,55n+1)+ 4,(n)
where ,Bl(n) is the number of partitions of n into 1’s and all other parts congruent

to 0 or —1 modulo 5 with the largest part =0(mod5)<5 times the number of 1’s .

Proof: From (5a) by replacing (z x) for a and z for t we have;

(z)(xz)oix _(z x) Z( ) , Where |z| <1 but z#0
1 . [ (1 ; X) +(1_ )(1 zlxz)zz+"m}
(1 . X)(l 21X2) 0 _ (1_X)(1_X2)
1 X

"1-z)@- zx)...oo (L-z )(1 27x2) .0

2

or
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1 z 72

B L-z%)2-2"%%) .0 " 1-x){t-2%) .0 ’ 1-x)-x*)-2%°) .0 I

Replacing x by x° and z by x, we obtain;
(1—x5)(1— xlo) 00
@-x)2-x°) ..oofL—x*){1-%°) .0

1 X x?
B L-x*)a-x°) ..o " L—x®)a—x*)L—x*) ... i L—x®)—x®)L—x*) ..o T

n

or XX ke =i
! (X; xs)w(x“;xs)w e (XS;XS)n(X5n+4;X5)w
5.5

n 5n

: _ ), -
Hence, nz(;(xf’;xi)n (), (x®), (x5 x°), ln_[( x> “Xl ™)
Zﬂl(n)xn =B(x) = r0,2(1)

n=0 (By above)
i A" =r1,,(1)= i{N (0,55n+1) — N(2,5,5n +1) }x"

n=0
Equating the coefficient of x"on both sides, we get;
B(n)=N(055n+1)-N(2,55n+1)

ie, N(055n+1)=N(255n+1)+ A (n) Hence the Theorem.

Example 3: For n = 2, we have;
N(0,511)=12 With the relevant partitions being 11, 8+2+1, 7+4, 6+1+1+1+1+1, 5+3+1+1+1,
5+2+2+1+1, 4+3+2+42,...., there are 12 partitions.
And N(2,511)=11 With the relevant partitions being 9+2, 7+1+1+1+1, 6+3+1+1, 6+2+2+1,
5+5+1, ...., there are 11 partitions.
Again, ,(2)=1, with the relevant partition being 1 +1.

ie, N(0511)=N(2511)+5(2)

Theorem 4: The number of partitions of 5n+2 with rank congruent to 1 modulo 5 equals the
number of partitions of 5n+2 with rank congruent to 2 modulo 5 plus the number of partitions of
n into 2’s and all other parts congruent to 0 or —2 modulo 5 with the largest part =0(mod5)<5
times the number of 1’s. ie, N(L55n+2)=N(255n+2)+3,(n), Where g,(n) is the number of
partitions of n into 2’s and all other parts congruent to 0 or — 2 modulo 5 with the largest part
=0(mod5)<5 times the number of 2’s.

Proof: From (5a) by replacing (z‘lx) for a, and z for t we have;

© -1 n
(0, _ 1 Z(Z X)”Z , where |z| <1 but z#0

(@)%, Xz (),
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1 {H(l z’x)er(l—z’lx)(l—z’lxz)z2
(1 7)-2%) . (1-x) (1-x)[-x?)
N 1) o
M-2)@-2x) .0 [1-2 x)(l 27x?) .0
1 z N 72 v
T X)- ) - ;()(1 7). % Q-x)-x*)a-z%) o0
We get by replacing x by x ', and z by x -
(1—x5)(1 xlo)(l x“’)

g g s

+ .0

n-0 (By above)
= B(n)X" =1,,(2), (By above)

= > {N(L5,5n+2)-N(255n+2)} X"

n=0
Equating the coefficient of x" on both sides, we get;
B,(n ) N(L5,5n +2)— N(2,5,5n + 2).
N(L55n+2)=N(255n+2)+3,(n) Hence the Theorem.

Example 4: For n = 2, we have;

N(512)=16 With the relevant partitions being 9+2+1 8+4, 7+1+1+1+1+1, 6+3+1+1+1,
5+4+2+1, 4+4+4,...., there are 16 partitions.

And N(2512)=15 with the relevant partitions being 10+1+1, 9+3, 7+2+1+1+1, 6+3+2+1,
6+2+2+2, 6+4+1+1, ...., there are 15 partitions.

Again, g,(2)=1, with the relevant partition being 2.
N(1, 5, 12) = 16, N(2, 5, 12) = 15, p,(2)=1 , with the relevant partition being 2.

N(1512)=N(2512)+ 5,(2)

6. CONCLUSIONS
We have proved for any positive integer of n in two Theorems first and second mock theta

conjectures. But we have verified these for n = 2 and 1 respectively.
We have also verified last two Theorems in terms of g (n) and g,(n) respectively for n = 2.
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