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ABSTRACT 

In1916, Srinivasa Ramanujan defined the Mock Theta functions in his lost notebook and 

unpublished papers. We prove the Mock Theta Conjectures with the help of Dyson’s rank and 

S. Ramanujan’s Mock Theta functions. These functions were quoted in Ramanujan’s lost

notebook and unpublished papers. In1916, Ramanujan stated the theta series in x like A(x),

B(x), C(x), D(x). We discuss the Ramanujan’s functions with the help of Dyson’s rank

symbols. These functions are useful to prove the Mock Theta Conjectures. Now first Mock

Theta Conjecture is “The number of partitions of 5n with rank congruent to 1 modulo 5

equals the number of partitions of 5n with rank congruent to 0 modulo 5 plus the number of

partitions of n with unique smallest part and all other parts   the double of the smallest part”,

and Second Mock Theta Conjecture is “The double of the number of partitions of   with rank

congruent to 2 modulo 5 equals the sum of the number of partitions of   with rank congruent

to 0 and congruent to1 modulo 5, and the sum of one and the number of partitions of n with

paper shows how to prove the Theorem 1.3 with the help of Dyson’s rank symbols 

N(0,5,5n+1), N(2,5, 5n+1) and shows how to prove the Theorem 1.4 with the help of 

Ramanujan’s theta series and Dyson’s rank symbols N(1,5, 5n+2), N(2,5, 5n+2) respectively. 
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1. INTRODUCTION

In this paper we give the definitions of  , rank of partition,  nmN , ,  ntmN ,, , z,  x ,  zx ,  mnx , 

 mk xx 5;  ,  n0 ,  n1 ,  n1  and  n2  which are collected from Ramanujan’s Lost Notebook VI

and generate the generating functions of Dyson’s Rank. We generate the generating functions for 

A(x), D(x),  x , (x),  n0  and  n1   and prove the two Theorems first and second mock theta
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conjectures respectively. We give two numerical examples which are related to first and second 

mock theta conjectures  respectively when n = 1. We generate the generating functions for  n1  

and  n2  collected from Ramanujan’s Lost notebook V1. We prove the Theorem 3 in terms of 

 n1  with the help of Ramanujan’s identities and prove the Theorem 4 in terms of  n2   with the 

help of Dyson’s rank symbols and Ramanujan’s identities.
 

 

2. SOME RELATED DEFINITIONS 

 

 : A partition.  

Rank of partition: The largest part of a partition   minus the number of parts of . 

 nmN , : The number of partitions of n with rank m. 

 ntmN ,, : The number of partition of n with rank congruent to m modulo t. 

 z: The set of complex numbers. 

 x : The product of infinite factors is defined as follows: 

       ... 1 1 1 32 xxxx . .1 xwhere  

 zx :  The product of infinite factors is defined as follows: 

       ... 1 1 1 32 zxzxzxzx . 

 mnx : The product of m factors is defined as follows: 

        121 1 ... 1 1 1   mnnnn

m

n xxxxx . 

 mk xx 5; : The product of m factors is defined as follows: 

              511055 1 ... 1 1 1;   mkkkk

m

k xxxxxx . 

 n0 : The number of partitions of n with unique smallest part and all other parts  the double of 

             the smallest part. 

 n1 : The number of partitions of n with unique smallest part and all other parts  one plus the 

            double of the smallest part. 
 n1 : The number of partitions of n into 1’s and parts congruent to 0 or –1 modulo 5 with the 

             largest part    55mod0   times the number of 1’s.  

 n2 : The number of partitions of n into 2’s and parts congruent to 0 or – 2 modulo 5 with the 

           largest part   55mod0   times the number of 2’s. 

 

3. RANK OF A PARTITION [DYSON (1944)] 

 

The rank of a partition is defined as the largest part of a partition   minus the number of parts of 

the partition   .Thus the partition 5 + 4+ 1 + 1 of 11 has rank 5–4= 1. The rank of a partition of 

11 belongs to any one of the residues (mod 11) and we have exactly 11 residues. 

 

3.1.The generating function for  nmN ,
 
[Garvan (2013)]

 
is given below; 

We get  nmN , is the number of partitions of n with rank m, like 

     The ranks of partitions of 3 are given in the Table-1 

n  Type of partitions Rank
 

3  3 3-1=2 
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 2+1 2-2=0 

 1+1+1 1-3=-2 

   

                                  The ranks of partitions of 4 are given in the Table-2 

 

n  Type of partitions Rank
 

Rank (mod 5) 

4  4 4-1=3 3 

 3+1 3-2=1 1 

 2+2 2-2=0 0 

 2+ 1+1     2-3=-1 4 

 1+1+1+1 1-4=-3 2 

 

We can write an expression as;                                                  

              ...)1()1()(1 433132221   xzzzzxzzxzzx  

  [The exponent of z being the rank of partitions of any positive integer of n] 
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We can generate the generating function for  nmN ,  in another way 

 

3.2.The generating function for  nN ,1  is given below; 

We get,  nN ,1  is the number of partitions of n with rank 1 given in the Table-3  

n  Type of partitions  nN ,1  

1  none  0 

2  2 1 

3  none  0 

4   3+1 1 

5  3+2 1 

6 

… 

 4+1+1, 3+3 

…. 

2 

… 
 

   

We can write an expression as; 

          ...4,13,12,11,10,1 432  xNxNxNxNN , where   00,1 N  

...200 6542  xxxx  

...)( 9732  xxxx ...)5321( 432  xxxx  
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    [Garvan (1988)] 
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3.3.The generating function for  nN ,1  is given below; 

We get,  nN ,1  is the number of partitions of n with rank -1 given in the Table-4  

n  Type of partitions  nN ,1  

1  none  0 

2  1+1 1 

3  none  0 

4   2+1+1 1 

5  2+2+1 1 

6 

… 

 3+1+1+1, 2+2+2 

…. 

2 

… 

 
        We can write an expression as; 

          ...4,13,12,11,10,1 432  xNxNxNxNN , where   00,1 N  

...200 6542  xxxx  

...)( 9732  xxxx ...)5321( 432  xxxx  
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  [Garvan (2013)] 
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From (3.2a) and (3.3a) we get, ),,1(),1( nNnN  [by equating the coefficient of nx ]. 

 

3.4.The generating function for  nN ,2  is given below; 

We get,  nN ,2  is the number of partitions of n with rank 2 given in the Table-5  

n  Type of partitions  nN ,2  

1  none  0 

2  none  0 

3  3 1 

4   none  0 

5  4+1 1 

… …. … 

We can write an expression as; 

          ...4,23,22,21,20,2 432  xNxNxNxNN , where   00,2 N  

...0 653  xxx  

...)( 943  xxx ...)5321( 432  xxxx  
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From (3.2a),(3.3a) and (3.4a) we can conclude that, 
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Now we can generate the generating function for  ntmN ,,  [Atkin et al. (1954)]: 

  We get  ntmN ,,  is the number of partitions of n with rank congruent to m modulo t. 

 

3.5.The generating function for  nN ,5,0  is given below: 

We get,  nN ,5,0  is the number of partitions of n with rank congruent to 0 modulo 5  

   given in the Table-6  

n  Type of partitions  nN ,5,0  

1  1 1 

2 none  0 

3  2+1 1 

4  2+2 1 

…  … …. 

 

We can write an expression as; 

        ...3,5,02,5,01,5,00,5,0 32  xNxNxNN , where   00,5,0 N  

...0 43  xxx  
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0

,5,0 . …         (3.5a). 

 

3.6.The generating function for  nN ,5,3  is given below: 

We get,  nN ,5,3  is the number of partitions of n with rank congruent to 3 modulo 5 given 

  in the Table-7  

n  Type of partitions  nN ,5,3  

1 none  0 

2 none  0 

3  1+1+1 1 

4  4 1 

…  … …. 

We can write an expression as; 

        ...3,5,32,5,31,5,30,5,3 32  xNxNxNN , where   00,5,3 N  

...00 43  xx  
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0

,5,3 . …   (3.6a) 

 

3.7.The generating function for  nN ,7,4  is given below: 

We get,  nN ,7,4  is the number of partitions of n with rank congruent to 4  

 modulo 7 given in the Table-8  

n  Type of partitions  nN ,7,4  

1  none  0 

2  none  0 

3  none  0 

4   1+1+1+1 1 

5  5 1 

… … … 

 

We can write an expression as;

            ...8,7,4...4,7,43,7,42,7,41,7,40,7,4 8432  xNxNxNxNxNN ,       

               where   00,7,4 N  

...00 654  xxx  
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 …   (3.7a). 

From (3.5a),(3.6a) and (3.7a) we can conclude that, 
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,,  , 

which shows that all the coefficients of nx  (where n is any positive integer) are zero.  

     Now we define the generating functions; 

 dra  for  dtntaN ,,  , where       n

n

aa xdtntaNtdrdr  ,,,
0

 




, and 

       drdrtdrdr bababa  ,,,
     n

n

xdtntbNdtntaN  ,,,,
0






. 

 

Result 1: .100;
11

)611(
)611,11,( 


 k

nP
nkN  

Proof: We get the list of all partitions of 17 is; 

17,16+1,15+2,15+1+1,14+3,14+2+1,14+1+1+1,13+4,13+3+1,13+2+2,13+2+1+1,13+1+1+1+1,1

2+5,12+4+1, …. ,1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1. 

Hence, there are 297 partitions i.e., P(17) = 297. 

Now their corresponding ranks are;  

16,14,13,12,12,11,10,11,10,….,-10,-11,-12,-12,-13,-14,-16. 
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So, we can say that; .100;
11

)17(
)17,11,(  k

P
kN  

Generally we can conclude that; .100;
11

)611(
)611,11,( 


 k

nP
nkN Hence the Result. 

Similarly we can see the Result 2: .40;
5

)45(
)45,5,( 


 k

nP
nkN  

And the Result 3: .60;
7

)57(
)57,7,( 


 k

nP
nkN  

Remark 1 [Atkin et al. (1954)] :    ntmtNntmN ,,,,   

Proof: The generating function for  nN ,5,1  is given below: 

We get,  nN ,5,1  is the number of partitions of n with rank congruent to 1 modulo 5  

given in the Table-9  

n  Type of partitions  nN ,5,1  

1  none  0 

2  2 1 

3  none  0 

4  3+1 1 

…  … … 

We can write an expression as; 

        ...3,5,12,5,11,5,10,5,1 32  xNxNxNN , where   00,5,1 N  

...000 42  xx  
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0

,5,1 .     (3.7b)    

Again the generating function for  nN ,5,4  is given below: 

We get,  nN ,5,4  is the number of partitions of n with rank congruent to 1 modulo 5  

  given in the Table-10  

n  Type of partitions  nN ,5,4  

1  none  0 

2  2 1 

3  none  0 

4  3+1 1 

…  … … 
 We can write an expression as; 

        ...3,5,42,5,41,5,40,5,4 32  xNxNxNN , where   00,5,4 N  

...000 42  xx  

http://www.granthaalayah.com/


[Bhattacharjee et. al., Vol.4 (Iss.3): March, 2016]                                  ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

                                                                                                                                           Impact Factor: 2.035 (I2OR) 

Http://www.granthaalayah.com  ©International Journal of Research - GRANTHAALAYAH [1-20] 

 
 

  
j

j

nnn

n

n
n

n

x
xxxx















1

1
11

1

154

1

13
2  

 
 

     1

1

154

1

13
2 111












 j

j

nnn

n

n
n

n
xxxxx   n

n

xnN





0

,5,4 .             (3.7c)    

From (3.7b) and (3.7c) we get; 

   nNnN ,5,4,5,1   

   nNnN ,5,15,5,1  . 

It follows that,    nmNnmN ,5,5,5,  ;  4,0m . 

Generally, we can conclude that,    ntmtNntmN ,,,,  . Hence the Remark. 

 

Remark 2 [Garvan (1988)]:    15,5,215,5,1  nNnN  

Proof: The generating function for  nN ,5,2  is given below: 

We get,  nN ,5,2  is the number of partitions of n with rank congruent to 2 modulo 5  

 given in the Table-11  

n  Type of partitions  nN ,5,2  

1  none  0 

2  none  0 

3  3 1 

4  1+1+1+1 1 

…  … … 
   We can write an expression as; 

        ...3,5,22,5,21,5,20,5,2 32  xNxNxNN , where   00,5,2 N  

...00 43  xx  
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0

,5,2      

...1186522 1110987643  xxxxxxxx  

    ...11,5,286526,5,2 1110987643  xNxxxxxNxx         (3.7d)    

Again from (3.7b) we get; 
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0

,5,1 .     

...119...22.0 111065432  xxxxxxx  

    ...11,5,19...6,5,12 11106542  xNxxNxxx                       (3.7e)    

From (3.7d) and (3.7e) we get; 

   6,5,26,5,1 NN  ,    11,5,211,5,1 NN  ,    16,5,216,5,1 NN  , … 

Generally, we can conclude that;    15,5,215,5,1  nNnN . Hence the Remark. 

 

Similarly we can see the Remark 3:    .25,5,225,5,0  nNnN  
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Remark 4:    47,7,147,7,0  nNnN  

Proof: The generating function for  nN ,7,0  is given below: 

We get,  nN ,7,0  is the number of partitions of n with rank congruent to 0 modulo 7  

 given in the Table-12  

n  Type of partitions  nN ,7,0  

1  1 1 

2  none  0 

3  2+1 1 

4  2+2 1 

…  … … 

 
  We can write an expression as; 

            ...11,7,0...4,7,03,7,02,7,01,7,00,7,0 11432  xNxNxNxNxNN ,       

               where   00,7,0 N  

...8...3 1176543  xxxxxxx  
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0

,7,0 …                   (3.7f)   

  

Again, the generating function for  nN ,7,1  is given below: 

We get,  nN ,7,1  is the number of partitions of n with rank congruent to 1 modulo 7  

 given in the Table-13  

n  Type of partitions  nN ,7,1  

1  none  0 

2  2 1 

3  none  0 

4  3+1 1 

…  … … 

We make the expression; 

            ...11,7,1...4,7,13,7,12,7,11,7,10,7,1 11432  xNxNxNxNxNN ,       

               where   00,7,1 N  

...8...0 11542  xxxx  
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0

,7,1 .                 (3.7g) 

From (3.7f) and (3.7g) we get; 

   ,4,7,14,7,0 NN     11,7,111,7,0 NN  ,... 

Generally, we can conclude that;    47,7,147,7,0  nNnN . Hence the Remark . 
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Similarly we can see the Remark 5:    .7,7,37,7,2 nNnN   

 

Remark 6:    .17,7,317,7,2  nNnN  
 

Remark 7:    .27,7,327,7,0  nNnN  
  

And the Remark 8:    .37,7,337,7,1  nNnN  

 
 

Corollary 1: Prove that  .0)( 2,1rx   

Proof: We get,  
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1 1 11
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...
1 11 1 1 11964

20

xxxxx

x  

                                                                    [Ramanujan’s lost notebook (1916 )] 

          ...1...11 252  xxxxx     ......1 ...1 64 xx  

       ...2222 8765432 xxxxxxxx  

      ...)89()12()( 2xxoo  

           ....)10,5,2()10,5,1()5,5,2()5,5,1()0,5,2()0,5,1( 2  xNNxNNNN  

          n

n

xnNnN  5,5,25,5,1
0






  

       02,1r . 

    .0)( 2,1rx    Hence the Corollary. 
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Corollary 2 [Andrews et al. (1989)]: Prove that    0201)( 2,12,0 rrx   

Proof: We get,  
   

   215245

52535

1 11

1 1 1




 




nn

nnn

n xx

xxx
xA , [Ramanujan’s lost notebook(1916)] 

              
      




...111

...1
26242

932

xxx

xxx
 

            ...321 ...1 2932  xxxxx    ... ...321 84 xx  

         ...2221 432 xxxx  

          





0

5,5,25,5,01
n

nNnN 2     nxnNnN  5,5,225,5,1   

              




n

n

xnNnN
0

 5,5,25,5,01      n

n

xnNnN  5,5,25,5,12
0






  

           0201 2,12,0 rr  . 

      .0201)( 2,12,0 rrx    Hence the Corollary. 

 

Corollary 3[Andrews (1979)]: Prove that    33)( 2,01,0 rrxD   
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Proof: We get,  
   

   225235

51545

1 1 1

1 1 1





 




nn

nnn

n xx

xxx
xD  ,  [Ramanujan’s lost notebook(1916)]   

                        
      




...111

...1
2 72 322

74

xxx

xxx
 

          ...321 ...1 4274 xxxxx     ... ...21 ...21 73 xx  

       ....021 32 xxx  

         





0

35,5,135,5,0
n

nNnN     nxnNnN  35,5,235,5,0   

     


0

 35,5,135,5,0
n

nxnNnN     





0

 35,5,235,5,0
n

nxnNnN  

   33 2,01,0 rr  . 

      .33)( 2,01,0 rrxD    Hence the Corollary. 

 

Corollary 4: Prove that 
 

 30,2r
x

x



 

Proof: We get,  

 
   











732

5

2 1 1 11

1
1

xxx

x

x
x  

      






...
1 1 1 1 1 128732

20

xxxxx

x , 

                                                                      [Ramanujan’s lost notebook(1918)] 

 

          ...1...11 2542  xxxx     ......1 ...1 763 xxx  

       ...22 10987642 xxxxxxx .  
 




 ...22 987653 xxxxxxx
x

x
   

                n

n

xnNnN  35,5,035,5,2
0






  

           30,2r . 

   
 

 .30,2r
x

x



 Hence the Corollary. 

 

4. The generating functions for  n0  and  n1  : 

 

4.1.The generating function for  n0  is given below; 

We get  n0  is the number of partitions of n with unique smallest part and all other parts  the 

double of the smallest part given in the Table-14 

n  Type of partitions  n0  

1  1 1 

2  2 1 

3  3, 2+1 2 

4  4 1 
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5  5, 3+2, 2+2+1 3 

6  6, 4+2 2 

    7 

… 

7, 4+3, 2+2+2+1 

… 

    3 

… 

                                                It is convenient to define   000  . 

   We can write an expression as; 

                ..76543210 7

0

6

0

5

0

4

0

3

0

2

000  xxxxxxx      
...3.2.3.1.2.1.1 765432  xxxxxxx  

 ...232 65432 xxxxxx  

  
      















...
1 1 11 11

 ,
543

5

32

3

0n

0
xxx

x

xx

x

x

x
xnor n

 

 
 

 ...  ..
0 1

1

12

0n

0 


 








n n

n

n
n

x

x
xnei 

                                          (4.1a)

 

 

 Now we prove the Theorem, which is known as First Mock Theta Conjecture. 

 

Theorem 1: The number of partitions of 5n with rank congruent to 1 modulo 5 equals the 

number of partitions of 5n with rank congruent to 0 modulo 5 plus the number of partitions of n 

with unique smallest part and all other parts   the double of the smallest part, 

i.e.      nnNnN 05,5,05,5,1  , where  n0  is the number of partitions of n with unique smallest 

part and all other parts  the double of the smallest part. 

Proof: From (4.1a) we get; 

      









...

1 1 11 11 543

5

32

3

xxx

x

xx

x

x

x   n

n

xn  
0

0




   

 ...232 65432 xxxxxx   n

n

xn  
0

0




   

   xAx  13   n

n

xn  
0

0




   (By above) 

      0201103 2,12,02,1 rrr    n

n

xn  
0

0




   (By above) 

   00 2,02,1 rr    n

n

xn





0

0    (By above) 

   





0

5,5,25,5,1
n

nNnN     nxnNnN  5,5,25,5,0    n

n

xn





0

0    

     n

n

xnNnN  5,5,05,5,1
0






   n

n

xn  
0

0




  . 

Equating the coefficient of  nx  on both sides, we get; 

     nnNnN 05,5,05,5,1  . Hence the Theorem. 

 

Example 1: For n = 2, we have; 

    910,5,1 N  with the relevant partitions being: 8 + 2, 6 + 1 + 1 + 1 + 1, 5 + 3 + 1 + 1,  
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5 + 2 + 2 + 1, 4 + 4 + 2, 4 + 3 + 3, 3 + 2 + 1 + 1 + 1 + 1 + 1, 2 + 2 + 2 + 2 + 1 + 1,  

1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1. 

   But   810,5,0 N  with the relevant partitions being; 

8 + 1 + 1, 7 + 3, 5 + 2 + 1 + 1 + 1, 4 + 4 + 1 + 1, 4 + 3 + 2 + 1, 4 + 2 + 2 + 2,  

3 + 1 + 1 + 1 + 1 + 1 + 1 + 1, 2 + 2 + 2 + 1 + 1 + 1 + 1. 

    Again,   120   with the relevant partition being 2. 

     210,5,010,5,1 0 NN . 

 

4.2.The generating function for  n1  is given below; 

We get  n1  is the number of partitions of n with unique smallest part and all other parts  one 

plus the double of the smallest part given in the Table-15 

n  Type of partitions  n1  

1  1 1 

2  2 1 

3  3, 2+1 2 

4  4, 3+1 2 

5  5, 3+2, 2+2+1 3 

…  … … 

                                                                        If we assume  01 =0.              

We can write an expression as; 

            ...131212111110 5432  xxxxx  

                      ...464433221 8765432 xxxxxxxx  

                    
      










 ...
1 1 11 11

1
543

2

32 xxx

x

xx

x

x
         

  
      















...
1 1 11 11

1
1  ,

543

2

32
0

1
xxx

x

xx

x

x
xnor n

n

     

  
 

.1  ..
1

1

0n

1 









n n

n

n
n

x

x
xnei         …                  (4.2a) 

Now we prove the Theorem, which is known as Second Mock Theta Conjecture. 

 

Theorem 2: The double of the number of partitions of 35 n  with rank congruent to 2 modulo 5 

equals the sum of the number of partitions of 35 n  with rank congruent to 0 and congruent to1 

modulo 5, and the sum of one and the number of partitions of n with unique smallest part and all 

other parts  one plus the double of the smallest part. 

 i.e.         135,5,135,5,035,5,22 1  nnNnNnN  , where   n1  is the number of partitions of n 

with unique smallest part and all other parts  one plus the double of the smallest part. 

 

Proof:  From (4.2a) we have; 

  
      















...
1 1 11 11

1
1

543

2

32
0

1
xxx

x

xx

x

x
xn

n

n
 

                       

 ...4433221 65432 xxxxxx

       

                        

 
 xD

x

x



 3
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   n

n

xn





0

1  1
 

 xD
x

x



 3 , (By above) 

      3333 2,01,00,2 rrr    n

n

xn  1
0

1





 

(By above) 

     




35,5,035,5,0335,5,23
0

nNnNnN
n

      nxnNnNnN  35,5,235,5,035,5,1   

                                                                                                        

   n

n

xn





0

1  1 . 

Equating the coefficient of nx  on both sides, we get; 

     35,5,135,5,035,5,22  nNnNnN   11  n  

     35,5,135,5,035,5,22  nNnNnN   11  n . Hence the Theorem. 

 

Example 2: For n = 1, we have;   58,5,2 N  with the relevant partitions being: 8, 5 + 2 + 1, 

  4 + 4, 3 + 1 + 1 + 1 + 1 + 1, 2 + 2 + 2 + 1 + 1. 

     But N(1, 5, 8) = 4 with the relevant partitions being: 5 + 1 + 1 + 1, 4 + 3 + 1, 4 + 2 + 2,  

   2 + 2 + 1 + 1 + 1 + 1, and N(0, 5, 8) = 4 with the relevant partitions are: 7 + 1, 4 + 2 + 1 + 1,  

  3 + 3 + 2, 2 + 1 + 1 + 1 + 1 + 1 + 1.  

 Again,   111  , with the relevant partition being 1. Therefore, 2N(2, 5, 8) = 2×5 = 10 =  

4 + 4 + 1 +1.            i.e.,         .118,5,18,5,08,5,22 1  NNN   

 

5. The Generating Functions For  n1  and  n2  :       

 

First we shall establish the following identity, which is used in proving the Theorems. If a and t 

are both real numbers with a < 1 and t < 1, we have; 

 
 

   
    








      ...1 1 1

       ...1 1 1
2

2

txtxt

atxatxat

t

at
 

      ... 1  ... 1 1 2ttatxat     ...  ...1 ...1 222 txxttx  

 

     ...1...1 1 22 xxaxxt       ...321  ...221 2322 xxaxxxt  

           ......22 4322 xxxxa  

    ...1 11 2xxta       ......221 1 1 322 xxxtaxa  

 

    
   












2

2

1 1

 1 1

1

 1
1

xx

taxa

x

ta     
    





...

1 1 1

 1 1 1
32

32

xxx

taxaxa
 

 
 






0n n

n

n

x

ta
 

i.e.,  
 
 

 
 





 
0n n

n

n

x

ta

t

at
.                                                                    (5a)           
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5.1.The generating function for  n1  is defined below; 

We get  n1  is the number of partitions of n into 1’s and parts congruent to 0 or –1 modulo 5 

with the largest part    55mod0   times the number of 1’s   given in the Table-16 

 

n  Type of partitions  n1  
1 1 1 

2 1+1 1 

3 1+1+1 1 

4 4, 1+1+1+1 2 

5 1+1+1+1+1 1 

6 5+1, 1+1+1+1+1+1 2 

… … … 

 

   We can write an expression as; 

              ..6543210 6

1

5

1

4

1

3

1

2

111  xxxxxx              
 ...221 65432 xxxxxx  

  
           















...
....1 1 1....1 1 1....1 1 1

1
 ,

14105

2

14951494
0n

1
xxx

x

xxx

x

xxx
xnor n

 

    






 




0

1

0
54555

)(
;;

.,.
n

n

n
n

n

n

xn
xxxx

x
ei  , it is convenient to define   .101   

 

5.2.The generating function for  n2  is given below; 

We get  n2  is the number of partitions of n into 2’s and all other parts congruent to 0 or –2 

modulo 5 with the largest part    55mod0   times the number of 2’s given in the Table-17 

 

 

 

  We can write an expression as; 

              ..6543210 6

2

5

2

4

2

3

2

2

222  xxxxxx              
 ...201 6432 xxxx  

  
           















...
....1 1 1....1 1 1....1 1 1

1
 ,

13105

4

1385

2

1383
0n

2
xxx

x

xxx

x

xxx
xnor n

 

    






 




0

2

0
53555

2

)(
;;

.,.
n

n

n
n

n

n

xn
xxxx

x
ei  , it is convenient to define   .102    

n  Type of partitions  n2  
1 none  0 

2 2 1 

3 3 1 

4 2+2 1 

5 none  0 

6 3+3, 2+2+2 2 

… … … 
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 Corollary 5:   1)( 2,0rxB   

  

Proof: We get,

 

 
 

  1545

5

1 1 1

1




 




nn

n

n xx

x
xB

  

[Ramanujan’s lost notebook (1916)]

 

       

    




...1 ...1 1 15455

1

nnn

n

xxx  

             ...211122301 432 xxxx  

     

     n

n

xnNnN





0

 15,5,215,5,0
     

 12,0r . 

 .1)( 2,0rxB   Hence the Corollary.
  

 

 Corollary 6:   2)( 2,1rxC   

 

Proof: We get,

 
 

 
  2535

5

1 1 1

1




 




nn

n

n xx

x
xC

  

[Ramanujan’s lost notebook (1916)]

 

                                     
    





...1 ...1 1 41025610355

1

nnnnn

n

xxxxx
 

       ...15163301 2xx  

     n

n

xnNnN  25,5,225,5,1
0






  

 22,1r . 

 .2)( 2,1rxC   Hence the Corollary. 

Here we give two Theorems, [Andrews et al. (1989)] which are related to the terms  n1  and 

 n2  respectively. 

 

Theorem 3: The number of partitions of 5n+1 with rank congruent to 0 modulo 5 equals the 

number of partitions of 5n+1 with rank congruent to 2 modulo 5 plus the number of partitions of 

n into 1’s and all other parts congruent to 0 or –1 modulo 5 with the largest part    55mod0   

times the number of 1’s         ,15,5,215,5,0   .,. 1 nnNnNei   
where  n1  is the number of partitions of n into 1’s and all other parts congruent 

  to 0 or –1 modulo 5 with the largest part    55mod0   times the number of 1’s . 

 

Proof: From (5a) by replacing  xz 1
 for a and z for t we have; 

 
   





xzz

x
1  

 
 












0

1

1

1

n n

n

n

x

zxz

xz
, where 1z  but 0z  

                  
 
 

  
    


























...

1 1

1 1

1

1
1

...1 1

1
2

22111

211 xx

zxzxz

x

zxz

xzxz

 

   
      


 ...  1 1   ... 1 1

  ...  1 1
,

211

2

xzxzzxz

xx
or
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  ...  1 1 ...  1 1

1
21211 xzx

z

xzxz     






...

 ...  1 1 1 312

2

xzxx

z  

 

Replacing x by x
5
 and z by x, we obtain; 

  
       



...  1 1  ...  1 1

 ...  1 1
946

105

xxxx

xx

 

          









    ...

 ...  1 1 1 ...  1 1 1 ...  1 1

1
14105

2

149594 xxx

x

xxx

x

xx
 

 
       



 





 
0

54555545

55

;;;;

;
  ,

n
n

n

n

xxxx

x

xxxx

xx
or  

Hence,    
 

   
 

  










 

 




1
1545

5

545

55

0
54555 11

1

;;

;

;; n
nn

n

n
n

n

n

xx

x

xxxx

xx

xxxx

x
 

                      

   1)( 2,0

0

1 rxBxn
n

n 





(By above) 

    

     









0

2,0

0

1 .)15,5,2()15,5,0(1
n

n

n

n xnNnNrxn
 

  

Equating the coefficient of nx on both sides, we get; 

     15,5,215,5,01  nNnNn   

     .15,5,215,5,0   .,. 1 nnNnNei   Hence the Theorem. 

 

Example 3: For n = 2, we have; 

    1211,5,0 N  with the relevant partitions being  11, 8+2+1, 7+4, 6+1+1+1+1+1, 5+3+1+1+1, 

  5+2+2+1+1, 4+3+2+2,…., there are 12 partitions. 

   And   1111,5,2 N  with the relevant partitions being  9+2, 7+1+1+1+1, 6+3+1+1, 6+2+2+1, 

5+5+1, …., there are 11 partitions.  

    Again,   121  , with the relevant partition being 1 +1. 

           .211,5,211,5,0   .,. 1 NNei  

 

Theorem 4: The number of partitions of 5n+2 with rank congruent to 1 modulo 5 equals the 

number of partitions of 5n+2 with rank congruent to 2 modulo 5 plus the number of partitions of 

n into 2’s and all other parts congruent to 0 or –2 modulo 5 with the largest part    55mod0   

times the number of 1’s.       nnNnNei 225,5,225,5,1  .,.  , where  n2  is the number of 

partitions of n into 2’s and all other parts congruent to 0 or – 2 modulo 5 with the largest part 

  55mod0   times the number of 2’s. 

 

Proof: From (5a) by replacing   xz 1
 for a, and z for t we have; 

 
   





xzz

x
1  

 
 












0

1

1

1

n n

n

n

x

zxz

xz
, where 1z  but 0z  
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1 1

1 1

1

1
1

  ...  1 1

1
2

22111

211 xx

zxzxz

x

zxz

xzxz

 

   
      


  ...  1 1     ...  1 1

...  1 1
,

211

2

xzxzzxz

xx
or

 

       





 ...  1 1...  1 1

1
21211 xzx

z

xzxz     






...

...  1 1 1 312

2

xzxx

z
  

 We get by replacing x by x
5
, and z by x

2
; 

   
       



 ...  1 1   ...  1 1 

 ...  1 1 1
8372

15105

xxxx

xxx

 

          
   ...

 ...  1 1 1 ...  1 1 1 ... 1 1

1
13105

4

1385

2

83











xxx

x

xxx

x

xx
 

 
       

.
;;;;

;
  ,

0
53555

2

5352

55




 





 
n

n

n

n

xxxx

x

xxxx

xx
or  

Hence,    
 

   
 

  










 

 




1
3525

5

5352

55

0
53555

2

11

1

;;

;

;; n
nn

n

n
n

n

n

xx

x

xxxx

xx

xxxx

x
 

                  

   xCxn
n

n 


0

2
(By above) 

              

   22,1

0

2 rxn
n

n 




 , (By above) 

                                   

     n

n

xnNnN  25,5,225,5,1
0






 . 

Equating the coefficient of nx  on both sides, we get; 

     .25,5,225,5,12  nNnNn   

           .25,5,225,5,1 2 nnNnN     Hence the Theorem. 

 

Example 4: For n = 2, we have; 

    1612,5,1 N  with the relevant partitions being  9+2+1 8+4, 7+1+1+1+1+1, 6+3+1+1+1, 

5+4+2+1, 4+4+4,…., there are 16 partitions. 

   And   1512,5,2 N  with the relevant partitions being  10+1+1, 9+3, 7+2+1+1+1, 6+3+2+1, 

6+2+2+2, 6+4+1+1, …., there are 15 partitions.  

    Again,   122   , with the relevant partition being 2. 

N(1, 5, 12) = 16, N(2, 5, 12) = 15,   122   , with the relevant partition being 2. 

               .212,5,212,5,1 2 NN      

 

6. CONCLUSIONS 

 

We have proved for any positive integer of n in two Theorems first and second mock theta 

conjectures. But we have verified these for n = 2 and 1 respectively. 

We have also verified last two Theorems in terms of  n1  and  n2  respectively for n = 2.  
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