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Abstract: 

In 1944, Freeman Dyson conjectured the existence of a “crank” function for partitions that 

would provide a combinatorial result of Ramanujan’s congruence modulo 11. In 1988, Andrews 

and Garvan stated such functions and described the celebrated result that the crank 

simultaneously explains the three Ramanujan congruences modulo 5, 7 and 11.  Dyson wrote 

the article, titled Some Guesses in the theory of partitions, for Eureka, the undergraduate 

mathematics journal of Cambridge. He discovered the many conjectures in this article by 

attempting to find a combinatorial explanation of Ramanujan’s famous congruences for P (n), 

the number of partitions of n indeed, Ramanujan’s formulas lay unread until 1976 when Dyson 

found In the Trainty College Library of Cambridge University among papers from the estate of 

the late G.N.Watson. In 1986, F.Garvan wrote his Pennsylvania state Ph.D. Thesis Precisely on 

the formulas of Ramanujan relative to the crank. In view of this theoretical description, the 

story of the crank is a long romantic tale and the crank functions are intimately connected to 

all partitions congruences. In 2005, Mahlburg stated that the crank functions themselves obey 

Ramanujan type congruences.  

Keywords:  
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1. INTRODUCTION

We give some related definitions of P(n) , crank of partitions,
 
 x ,  zx ,  xx ;2  and  nmM , ,

and M(m, t, n),  ,  # ,   , crank of vector partitions, weight of 


,  nmMV , ,  ntmMV ,,

.This paper shows how to find the cranks of partitions of integers 7 and 8 by using tables 1 and 2 

respectively and generate the generating functions for M(m, n) and M(o, n). This paper shows 

how to prove the Theorem 1 related the crank of partitions by taking individual function and 

describe the vector partitions of n. In this paper we prove the Mathematical results 1, 2, and 3 

discovered by Dyson with the help of classification of the partitions of 9, 12, and 17 respectively 

and prove the Dyson’s results with the help of examples. But these results 4, 5 and 6 are

combinatorial results of Ramanujan’s famous partition congruences modulo 5, 7 and 11 

respectively. After the proof of Result-4 we show the relation between P (n) and  nmMV , with 

the help of example.

1. Some related definitions:

  )]1965(,[ etelHardynP : Number of partitions of n, like 4, 3+1, 2+2, 2+1+1,1+1+1+1.
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               Therefore,   54 P   and similarly,   75 P . 

Crank of partitions [Andrews, etel (1988)]: For a partition, , let    denote the largest part of 

 , let    denote the number of ones in  , and let    denote the number of parts of   larger 

than   . The crank  c  is given by; 

 
   
     









.0 if       ,

0 if                  ,




c  

 x    ... 1 1 1 32 xxx   

 zx    ... 1 1 1 32 zxzxzx   

 xx ;2    ... 1 1 1 432 xxx   

 nmM , : The number of partitions of n with crank m. 

 ntmM ,, : The numbers of partitions of n with crank congruent to m modulo t is denoted 

                       by  ntmM ,, . 

  : A partition. 

 #  :  The number of parts of . 

  :  The sum of the parts of . 

Crank of vector partitions:  The number of parts of 2  minus the number of parts of 3 , where 2  

and 3  are unrestricted partitions in a vector partition  321 ,,  


 of n, if the sum of 


 is

        ns  321 


.  

Weight of


: Weight of vector partition 


 is defined as;      1#
1


 


.  

 nmMV , : The number of vector partitions of n (counted according to the weight ) 

                    with crank m. 

 ntmMV ,, : The number of vector partitions of n (counted according to the weight ) 

                      with crank congruent to m modulo t. 

 

2. CRANKS OF PARTITIONS OF INTEGERS  7 AND 8: 

Cranks of partitions of integers 7 and 8 are shown in the following Tables: 
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Table 1: Cranks of partitions of integer 7. 

Partitions 

  

Largest 

part 

   

Numbers of 

ones 

   

Number of parts 

larger than    

   

Crank 

 c  

7 7 0 1 7 

6+1 6 1 1 0 

5+2 5 0 2 5 

5+1+1 5 2 1 –1 

4+3 4 0 2 4 

4+2+1 4 1 2 1 

4+1+1+1 4 3 1 –2 

3+3+1 3 1 2 1 

3+2+1+1 3 2 1 –1 

3+1+1+1+1 3 4 0 –4 

3+2+2 3 0 3 3 

2+1+1+1+1+1 2 5 0 –5 

2+2+2+1 2 1 3 2 

2+2+1+1+1 2 3 0 –3 

1+1+1+1+1+1+1 1 7 0 –7 

  157 P       0 c  

 

Table2: Cranks of partitions of integer 8. 

Partitions 

  

Largest 

part 

   

Numbers of 

ones 

   

Number of parts 

larger than    

   

Crank 

 c  

8 8 0 1 8 

7+1 7 1 1 0 

6+2 6 0 2 6 

6+1+1 6 2 1 –1 

5+3 5 0 2 5 

5+2+1 5 1 2 1 

5+1+1+1 5 3 1 –2 

4+4 4 0 2 4 

4+3+1 4 1 2 1 

4+2+1+1 4 2 1 –1 
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4+2+2 4 0 3 4 

4+1+1+1+1 4 4 0 –4 

3+3+2 3 0 3 3 

3+3+1+1 3 2 2 0 

3+2+1+1+1 3 3 0 –3 

3+1+1+1+1+1 3 5 0 –5 

3+2+2+1 3 1 3 2 

2+2+2+2 2 0 4 2 

2+2+2+1+1 2 2 0 –2 

2+2+1+1+1+1 2 4 0 –4 

2+1+1+1+1+1+1 2 6 0 –6 

1+1+1+1+1+1+1+1 1 8 0 –8 

  228 P       0 c  

 

3.  THE GENERATING FUNCTION FOR  :,nmM      

The generating function for  nmM ,  is given by [Andrews, etel (1988)]; 

 
 

  nn

n

n

nm

m n xzzx

x
xznmM

1
1

0 1 1

1
 ,













 


 

   
     ... 1 1 ... 1 1

... 1 1 1
2112

32

xzxzzxzx

xxx
 


  

   
     ... 1 1 ... 1 1

... 1 1 1
2112

32

xzxzzxzx

xxx
 




 
 

  
   















 ... 1 1

... 1 1  1
211

32

xzxz

xx

zx

x
 

 
 

   
  












 







 0

1
 1

j j

j

j

x

xzzx

zx

x
  [Andrews (1985)], 

 
 

   
 

   
 

   
  



















...1
 1

3

31

3

2

21

2

1

11

1

x

xzzx

x

xzzx

x

xzzx

zx

x  
 

 
 

  
   


























2

2221

1 1

 1 1

1

 1
1

 1

xx

zxzxzx

x

xzzx

zx

x
 

 
       















... 1 1 

 

... 1

 

... 1 1

 1
32

22

2

1

2 zxx

zx

zx

xz

zxzx

x    
   

...
1 1 1

 1 1 1
32

3332




 

xxx

zxzxzxzx
 

   
...

... 1 1 1 

  
432

33






zxxx

zx
 

 
      



 











1
1

1-j

22   ; 

 

... 1 1

 1

j
j

jj

zxxx

zx

zxzx

x
          

        3332221 111 xzzxzzxzz     444221 xzzzz  
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    5553311 xzzzzzz   ...1 6664433221   xzzzzzzzzzz  

We see that the exponent of z represents the crank of partitions of n (for 1n ). As for examples 

when n = 5 and 6. For n = 5:   

Table-3: Cranks of partitions of integer 5. 

Partitions 

of 5 

   

Largest 

part 

   

Number 

of 1’s 

   

Number of 

parts larger 

than    

   

Crank 

 c  

5 

4+1 

3+2 

3+1+1 

2+2+1 

2+1+1+1 

1+1+1+1+1 

5 

4 

3 

3 

2 

2 

1 

0 

1 

0 

2 

1 

3 

5 

1 

1 

2 

1 

2 

0 

0 

5 

0 

3 

–1 

1 

–3 

–5 

 

For n = 6:        Table-4: Cranks of partitions of integer 6. 

Partitions of 6 

  

Largest 

part 

   

Numbers 

of ones  

   

Number of 

parts larger 

than    

   

Crank 

 c  

6 6 0 1 6 

5+1 5 1 1 0 

4+2 4 0 2 4 

4+1+1 4 2 1 –1 

3+3 3 0 2 3 

3+2+1 3 1 2 1 

3+1+1+1 3 3 0 –3 

2+2+2 2 0 3 2 

2+2+1+1 2 2 0 –2 

2+1+1+1+1 2 4 0 –4 

1+1+1+1+1+1 1 6 0 –6 

 

4. THE GENERATING FUNCTION FOR M(0,n) [Garvan (2013)].  

The generating function for M(0,n) is defined as; 
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 
 

 







0

2

2

1
n n

nn

x

x
x   

          



















 ...

11111
1 1

232

15

222

8

2

3

xx

x

xx

x

x

x
x  

....01 65432  xxxxxx  

=  0,0M +  xM 1,0 +   22,0 xM +   33,0 xM +   44,0 xM +   55,0 xM +   66,0 xM +… 

=  


0

 ,0
n

nxnM . 

Theorem-1: The number of partitions   of n with crank   mc   is  nmM ,  for all 1n . 

Proof: The generating function for  nmM ,  is given by; 

 
 

  nn

n

n

nm

m n xzzx

x
xznmM

1
1

0 1 1

1
 ,













 


 

     

 
      



 











1
1

1-j

22   ; 

 

... 1 1

 1

j
j

jj

zxxx

zx

zxzx

x
. 

     Now we distribute the function into two parts where first one represents the crank with 

    c  and second one represents the crank with       c . 

The first function is;  

 

 
   ... 1 1 1

 1
32 zxzxzx

x




     442332211 xzzxzxzxz   ...553  xzz  

Counts (for 1n ) the number of partitions with no 1’s and the exponent on z being the largest part 

of the partition where     c , like;   Table-5: Cranks of partitions of integer 4. 

Partitions 

of 4 

   

Largest 

part 

   

Number 

of 1’s 

   

Number of 

parts larger 

than    

   

Crank 

 c  

4 

 

2+2 

4 

 

2 

0 

 

0 

1 

 

2 

4 

 

2 

 

Here n = 4, the 5th term is   442 xzz  . 

Again second function is,  

   


 





1
1

1-j

2   , 

 

j
j

jj

zxxx

zx
 

      










... 1 1 1 

 

... 1 1

 
432

22

32

1

zxzxx

zx

zxzx

xz
 

    
...

... 1 1 1 1 

  
5432

33






zxzxxx

zx
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    ...11 44233221   xzzxzxzxz  

 counts the number of partitions with   j  and the exponent on z is clearly       c

, since 0i , like;   Table-6: Cranks of partitions of integer 4. 

Partitions 

of 4 

   

Largest 

part 

   

Number 

of 1’s 

   

Number of parts 

larger than    

   

Crank 

 c  

3+1 

 

2+1+1 

 

1+1+1+1 

3 

 

2 

 

1 

1 

 

2 

 

4 

1 

 

0 

 

0 

0 

 

–2 

 

–4 

 

Here n = 4, the 5th term is    4421 xzz    i.e.,   4420 xzzz   . 

Thus in the double series expansion of  

 
      



 











1
1

1-j

22   , 

 

... 1 1

 1

j
j

jj

zxxx

zx

zxzx

x
, we see that the coefficient of nmxz   1n  is the 

number of partitions of n in which   mc  . Equating the coefficient of nmxz  from both sides in 

above function we get the number of partitions of n with   mc   is  nmM ,  for all 1n .  Hence 

the Theorem . 

 
5. MATHEMATICAL RESULTS 

Notations: 

The numbers of partitions of n with crank congruent to m modulo t is denoted by  ntmM ,, . 

Some Dyson’s Result: 

Now we prove the following Dyson’s result when n = 1 by computing; 

Result -1:  45,5,0 nM =  45,5,1 nM =  45,5,2 nM = 

         45,5,3 nM =  45,5,4 nM =
 

5

45 nP
, 

Result -2 :  57,7,0 nM =  57,7,1 nM =  57,7,2 nM =  57,7,3 nM = 

            57,7,4 nM =  57,7,5 nM =  57,7,6 nM =
 

7

57 nP
, 

Result -3 :  611,11,0 nM =  611,11,1 nM =  611,11,2 nM =  611,11,3 nM = 

        611,11,4 nM =  611,11,5 nM =…=  611,11,10 nM =
 

11

611 nP
, respectively.  
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 Proof of Result -1: The Classification of the Partitions of 9 on Cranks are given by Table-7. 

                                                         

Partitions 

with crank

 5mod0  

Partitions with 

crank  5mod1  

Partitions 

with crank

 5mod2  

Partitions with 

crank

 5mod3  

Partitions 

with crank

 5mod4  

8+1 

5+4 

5+2+2 

4+3+1+1 

4+1+1+1+1+

1 

2+2+1+1+1+

1+1 

6+3 

6+2+1 

5+3+1 

4+4+1 

3+2+1+1+1+1 

1+1+1+1+1+1+1+

1+1 

7+2 

5+1+1+1+1 

4+2+2+1 

3+3+2+1 

3+3+1+1+1 

2+2+2+1+1

+1 

6+1+1+1 

4+2+1+1+1 

3+3+3 

3+2+2+2 

2+2+2+2+1 

2+1+1+1+1+1+1

+1 

9 

7+1+1 

5+2+1+1 

4+3+2 

3+2+2+1+1 

3+1+1+1+1+1

+1 

  69,5,0 M    69,5,1 M    69,5,2 M

 

  69,5,3 M    69,5,4 M  

 

But, 
 

6
5

30

5

9


P
. Therefore, 

.6
5

)9(
)9,5,4()9,5,3()9,5,2()9,5,1()9,5,0( 

P
MMMMM Hence the Result . 

 

Proof of Result -2: The Classification of the Partitions of 12 on Cranks are given by Table-8. 

                                            

Partitions 

with crank

 7mod0  

Partitions 

with crank

 7mod1  

Partitions with 

crank 

 7mod2  

Partitions with 

crank

 7mod3  

Partitions with 

crank

 7mod4  

Partitions with 

crank

 7mod5  

Partitions with 

crank

 7mod6  

5+3+2+1+1 

7+3+2 

7+5 

. 

. 

. 

There are 

11 

partitions 

6+5+1 

8+3+1 

8+2+2 

. 

. 

. 

There are 

11 

partitions 

6+3+2+1 

7+2+2+1 

2+2+2+2+2+2 

. 

. 

. 

There are 11 

partitions 

7+1+1+1+1+1 

3+3+3+3 

3+3+2+2+2 

. 

. 

. 

There are 11 

partitions 

6+2+1+1+1+1 

4+4+4 

4+4+2+2 

. 

. 

. 

There are 11 

partitions 

7+1+1+1+1+1 

3+3+3+3 

3+3+2+2+2 

. 

. 

. 

There are 11 

partitions 

6+2+1+1+1+1 

4+4+4 

4+4+2+2 

. 

. 

. 

There are 11 

partitions 

  1112,7,0 M    1112,7,1 M    1112,7,2 M    1112,7,3 M    1112,7,4 M    1112,7,5 M    1112,7,6 M  
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But, 
 

11
7

77

7

12


P
.Therefore,  12,7,0M  12,7,1M  12,7,2M  12,7,3M  12,7,4M

 12,7,5M  12,7,6M
 
6

12P
. Hence the Result . 

Proof of Result -3: The Classification of the Partitions of 17 on Cranks are given by Table-9. 

                                                    

Partitions with 

crank

 11mod0  

Partitions with 

crank

 11mod1  

Partitions with 

crank 

 11mod2  

Partitions with 

crank

 11mod3  

Partitions with 

crank

 11mod4  

16+1 

11+6 

11+4+2 

. 

. 

. 

There are 27 

partitions 

8+8+1 

12+5 

12+3+2 

. 

. 

. 

There are 27 

partitions 

6+5+5+1 

13+4 

13+2+2 

. 

. 

. 

There are 27 

partitions 

4+4+4+4+1 

14+3 

3+3+3+3+3+2 

. 

. 

. 

There are 27 

partitions 

15+2 

4+4+4+4+3+2 

4+4+3+3+3 

. 

. 

. 

There are 27 

partitions 

M(0,11,17)=27 M(1,11,17)=27 M(2,11,17)=27 M(3,11,17)=27 M(4,11,17)=27 

 

    The Classification of the Partitions of 17 on Cranks are given by Table-10. 

Partitions 

with crank

 11mod5  

Partitions 

with crank

 11mod6  

Partitions 

with crank

 11mod7  

Partitions 

with crank

 11mod8  

Partitions 

with crank 

 11mod9  

Partitions with 

crank 

 11mod10  

5+5+5+2 

5+4+4+4 

5+3+3+3+3 

. 

. 

. 

There are 27 

partitions 

6+6+5 

6+6+3+2 

6+3+3+3+2 

. 

. 

. 

There are 27 

partitions 

7+7+3 

7+5+5 

7+6+4 

. 

. 

. 

There are 27 

partitions 

8+3+3+3 

8+5+4 

8+6+3 

. 

. 

. 

There are 27 

partitions 

9+8 

9+4+4 

9+2+2+2+2 

. 

. 

. 

There are 27 

partitions 

10+7 

10+4+3 

10+2+2+3 

. 

. 

. 

There are 27 

partitions 

M(5,11,17)=

27 
M(6,11,17)=

27 
M(7,11,17)=

27 
M(8,11,17)=

27 
M(9,11,17)=

27 
M(10,11,17)=

27 
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But, 
 

.27
11

297

11

17


P

      
Therefore   17,11,0M  17,11,1M   17,11,2M  17,11,3M

 17,11,4M  17,11,5M

 
.27

11

P(17)
)M(10,11,17M(9,11,17)M(8,11,17)M(7,11,17)M(6,11,17)   

Hence the Result. 

 
6. THE CRANK FOR VECTOR PARTITIONS [Garvan (1988)].  

For a partition , let  #   be the number of parts of   and    be the sum of the parts of   

with the convention       0#    for the empty partition   of 0. 

Let,     1321 ,, V


 is a partition into unequal parts 2 , 3  are unrestricted partitions}. 

We shall call the elements of V


 vector partitions. For  321 ,,  


 in V


 we define the sum of 

parts, s, a weight,  , and a crank, c, by; 

       321  


s . 

     1#
1


 


. 

     21 ##  


c . 

We say 


 is a vector partition of n, if   ns 


. For example, if  1,11,1 


, then    4


s , 

  1


,   1


c  and 


 is a vector partition of 4. 

The number of vector partitions of n (counted according to the weight ) with crank m is denoted 

by  nmM v ,  so that; 

    


nmMV , ; if V


 ,    ns 


, and    mc 


 

The number of vector partitions of n (counted according to the weight ) with crank congruent to 

k modulo t is denoted by  ntkMV ,, , so that; 

      







m

VV nktmMntkM ,,,, ;      

if V


 ,    ns 


, and     tkc mod


. 

Dyson’s results on vector partitions:  

 The Result-4:  
 

5

45
45,5,




nP
nkMV ; 40  k . 

Proof:  We have 41 vector partitions of 4 are given in the following:  

                            Table-11: The vector partitions of 4 with cranks 
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Vector partitions of 4 Weight  

 


 

Crank  

 


 

 4,,1  


 +1 –1 

 13,,2  


 +1 –2 

 22,,3  


 +1 –2 

 112,,4  


 +1 –3 

 1111,,5  


 +1 –4 

 3,1,6  


 +1 0 

 12,1,7  


 +1 –1 

 1111,8  


 +1 –2 

 22,9  


 +1 0 

 11,2,10  


 +1 –1 

 2,11,11  


 +1 1 

 11,11,12  


 +1 0 

 1,3,13  


 +1 0 

 1,12,14  


 +1 1 

 1,111,15  


 +1 2 

  ,4,16 


 +1 1 

  ,13,17 


 
+1 2 

  ,22,18 


 
+1 2 

  ,112,19 


 
+1 3 

  ,1111,20 


 
+1 4 

 3,,121  


 
–1 –1 

 12,,122  


 
–1 –2 

 111,,123  


 
–1 –3 

 2,1,124 


 
–1 0 

 11,1,125 


 
–1 –1 

 1,2,126 


 
–1 0 

 1,1,1127 


 
–1 1 
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  ,3,128 


 
–1 1 

  ,12,129 


 
–1 2 

  ,111,130 


 
–1 3 

 2,,231  


 
–1 –1 

 11,,232  


 
–1 –2 

 1,1,233 


 
–1 0 

  ,2,234 


 
–1 1 

  ,11,235 


 
–1 2 

 1,,336  


 
–1 –1 

 1,,1237  


 
+1 –1 

  ,1,338 


 
–1 1 

  ,1,1239 


 
+1 1 

  ,,440 


 
–1 0 

  ,,1341 


 
+1 0 

 

From the above table we have; 

           241312964,5,0 


VM +        41403326 


  

= 1+1+1+1–1–1–1–1+1 = 1,     

 4,5,1VM  = 1+1+1+1–1–1–1–1+1 = 1, 

 4,5,2VM  = 1+1+1+1–1–1–1= 1,   

 4,5,3VM  = 1+1+1–1–1+1–1= 1,    

 4,5,4VM  = 1+1+1–1–1–1–1+1+1 = 1.  

  4,5,0VM =  4,5,1VM =  4,5,2VM =  4,5,3VM =  4,5,4VM =1=
 
5

4P
, where n = 0. 

In general we can conclude that; 

 
 

5

45
45,5,




nP
nkMV ; 40  k . Hence the Result . 

 Corollary-1:        





m

V nmMnP ,
 

   Proof:  The generating function for  nmMV ,  is;  
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 
  

  nn

m n

Vnn

n

n

xznmM
xzzx

x




















0
1

1

 ,
1 1

1
     

it was proved by Atkin and Swinnerton-Dyer (1954). By putting z = 1, we get; 

 
  nn

n

n xx

x







 1 1

1

1

   n

m n

V xnmM 









0

 ,  

 

 

 

 

Equating the coefficient of nx  from both sides we get; 

    





m

V nmMnP , . Hence the Corollary .    

Now we discuss it with an example; 

R. H. S. =  


m

V nmM ,  





m

V mM 4, , where n=4 

=…+  4,4VM +  4,3VM +  4,2VM +  4,1VM +  4,0VM +  4,1VM +  4,2VM +  4,3VM +

 4,4VM +… 

= 0 + 1 + 0 + 1 + 0 + 1 + 0 + 1 + 0 + 1= 5 =  4P = L.H.S.     





m

V mMP 4,4 .
 

Again, 

           241312964,0 


M +        41403326 


  

= 1+1+1+1–1–1–1–1+1 = 1 

 4,1M      391411 ... 


  = 1 + 1 + 1–1–1–1–1+1 = 0.                   

   4,1M      3771 ... 


 = 1 + 1 + 1–1–1–1–1+1 = 0 

 4,2M  1 + 1 + 1–1–1= 1 

  4,2M  1 + 1 + 1–1–1= 1 

  4,3M  1–1= 0 

  4,3M  1–1= 0 

 4,4M  1 

  4,4M  1 

    n

m n

V

n

n xnmMxnP  













00

 ,
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     


4,mM ;  i.e.,    

 














m

Vm

mM





 







crank
4

4,  = 5 

i.e.,    

 














m

Vm

mM





 







crank
4

4,  =  4P . 

 Corollary 2:        ntmtMntmM VV ,,,,   

By considering the transformation that interchanges 2  and 3  we have; 

   nmMnmM VV ,,  . 

We illustrate with an example; 

 4,1VM      391411 ... 


  = 1 + 1 + 1–1–1–1–1+1 = 0.                   

And   4,1VM      3771 ... 


  = 1 + 1 + 1–1–1–1–1+1 = 0 

  4,1VM  4,1VM . 

Again, 

      14,5,44,5,15 20  


VV MM  

    4,5,154,5,1  VV MM  (By above) 

Generally we can conclude that, 

   ntmtMntmM VV ,,,,  . 

The result-5:  
 

7

47
57,7,




nP
nkMV ; 60  k . 

Proof: We have the vector partitions of 5 are given in the following: 

                         Table-12: The vector partitions of 5 with cranks 

Vector partitions of 5 Weight  

 


 

Crank  

 


 

 5,,1  


 +1 –1 

 14,,2  


 +1 –2 

 23,,3  


 +1 –2 

 113,,4  


 +1 –3 

 122,,5  


 +1 –3 

 1112,,6  


 +1 –4 
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 11111,,7  


 +1 –5 

  ,,58 


 –1 0 

  ,5,9 


 +1 1 

  ,14,10 


 +1 2 

  ,,1411 


 +1 0 

  ,1,412 


 –1 1 

  ,4,113 


 –1 1 

 1,4,14  


 +1 0 

 4,1,15  


 +1 0 

 4,,116  


 –1 –1 

 1,,417  


 
–1 –1 

  ,,2318 


 
+1 0 

  ,23,19 


 
+1 2 

  ,2,320 


 
–1 1 

  ,3,221 


 
–1 1 

 2,3,22  


 
+1 0 

 3,2,23  


 
+1 0 

 2,,324  


 
–1 –1 

 3,,225  


 
–1 –1 

  ,113,26 


 
+1 3 

  ,1,1327 


 
+1 1 

  ,13,128 


 
–1 2 

 1,13,29  


 
+1 1 

 13,1,30  


 
+1 –1 

 1,,1331  


 
+1 –1 

 13,,132  


 
–1 –2 

  ,11,333 


 
–1 2 

 3,11,34  


 
+1 1 

http://www.granthaalayah.com/


[Das *, Vol.2(Iss.3):December,2014]                                        ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

 

   
Science 

INTERNATIONAL JOURNAL of 
RESEARCH –GRANTHAALAYAH 
A knowledge Repository 

 
 

Http://www.granthaalayah.com©International Journal of Research -GRANTHAALAYAH [10-32] 
 

 11,3,35  


 
+1 –1 

 11,,336  


 
–1 –2 

  ,122,37 


 
+1 3 

  ,22,138 


 
–1 2 

 1,22,39  


 
+1 1 

 22,1,40  


 
+1 –1 

 22,,141  


 
–1 –2 

  ,2,1242 


 
+1 1 

  ,12,243 


 
–1 2 

 12,2,44  


 
+1 1 

 2,12,45  


 
+1 1 

 2,,1246  


 
+1 –1 

 12,,247  


 
–1 –2 

  ,122,48 


 
+1 4 

 1,112,49  


 
+1 2 

 112,1,50  


 
+1 –2 

  ,112,151 


 
–1 3 

 112,,152  


 
–1 –3 

  ,11,1253 


 
+1 2 

 11,12,54  


 
+1 0 

 12,11,55  


 
+1 0 

 11,,1256  


 
+1 –2 

 2,111,57  


 
+1 2 

 111,2,58  


 
+1 –2 

  ,111,259 


 
–1 3 

 111,,260  


 
–1 –3 

  ,11111,61 


 
+1 5 

 1,1111,62  


 
+1 3 
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 1111,1,63  


 
+1 –3 

 1111,,164  


 
–1 –4 

  ,1111,165 


 
–1 4 

 111,11,66  


 
+1 –1 

 11,111,67  


 
+1 1 

 111,1,168 


 
–1 –2 

 1,111,169 


 
–1 2 

 11,11,170 


 
–1 0 

 2,11,171 


 
–1 1 

 11,2,172 


 
–1 –1 

 1,11,273 


 
–1 1 

 11,1,274 


 
–1 –1 

 1,2,275 


 
–1 0 

 2,1,276 


 
–1 0 

 2,2,177 


 
–1 0 

 1,1,378 


 
–1 0 

 1,3,179 


 
–1 0 

 3,1,180 


 
–1 0 

 1,1,2181 


 
+1 0 

 1,21,182 


 
–1 1 

 21,1,183 


 
–1 –1 

 

From this table we have; 

 5,7,0VM        1514118 


 +          5554232218 


 +

         7978767570 


 +      818079 


  

= –1+1+1+1+1+1+1+1+1–1–1–1–1–1–1–1–1+1 = 1.        

Similarly,   5,7,0VM  5,7,1VM …=  5,7,6VM 1 =
 
7

5P
. 

In general we can conclude that; 
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 
 

7

57
57,7,




nP
nkMV ; 60  k . Hence the Result . 

The Result-6:  
 

11

611
611,11,




nP
nkMV ; where, k=0 and n=0. 

Proof:  The vector partitions of 6 are given in the following:  

                   Table-13: The vector partitions of 6 with cranks 

Vector partitions of 6 Weight  

 


 

Crank  

 


 

 6,,1  


 +1 –1 

 15,,2  


 +1 –2 

 24,,3  


 +1 –2 

 114,,4  


 +1 –3 

 33,,5  


 +1 –2 

 123,,6  


 +1 –3 

 1113,,7  


 +1 –4 

 222,,8  


 +1 –3 

 1122,,9  


 +1 –4 

 11112,,10  


 +1 –5 

 111111,,11  


 +1 –6 

  ,6,12 


 +1 1 

  ,15,13 


 +1 2 

  ,24,14 


 +1 2 

  ,114,15 


 +1 3 

  ,33,16 


 +1 2 

  ,123,17 


 
+1 3 

  ,1113,18 


 
+1 4 

  ,222,19 


 
+1 3 

  ,1122,20 


 
+1 4 

  ,11112,21 


 
+1 5 

  ,111111,22 


 
+1 6 
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  ,,623 


 
–1 0 

  ,,1524 


 
+1 0 

  ,,2425 


 
+1 0 

  ,,12326 


 
–1 0 

 1,5,27  


 
+1 0 

 5,1,28  


 
+1 0 

 2,4,29  


 
+1 0 

 4,2,30  


 
+1 0 

 1,4,31  


 
+1 1 

 11,4,32  


 
+1 –1 

 14,1,33  


 
+1 –1 

 4,11,34  


 
+1 1 

 3,3,35  


 
+1 0 

 1,23,36  


 
+1 1 

 23,1,37  


 
+1 –1 

 12,3,38  


 
+1 –1 

 3,12,39  


 
+1 1 

 2,31,40  


 
+1 1 

 31,2,41  


 
+1 –1 

 111,3,42  


 
+1 –2 

 11,13,43  


 
+1 0 

 1,,544  


 
–1 –1 

  ,1,545 


 
–1 1 

 2,,446  


 
–1 –1 

  ,2,447 


 
–1 1 

 3,111,48  


 
+1 2 

 13,11,49  


 
+1 0 

 113,1,50  


 
+1 –2 

 1,113,51  


 
+1 2 
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 2,22,52  


 
+1 1 

 22,2,53  


 
+1 –1 

 1111,2,54  


 
+1 –3 

 2,1111,55  


 
+1 3 

 111,12,56  


 
+1 –1 

 12,111,57  


 
+1 1 

 11,112,58  


 
+1 1 

 112,11,59  


 
+1 –1 

 11,1111,60  


 
+1 2 

 1111,11,61  


 
+1 –2 

 111,111,62  


 
+1 0 

 11111,1,63  


 
+1 –4 

 1,11111,64  


 
+1 4 

 1,2,365 


 
–1 0 

 2,1,366 


 
–1 0 

 1,3,267 


 
–1 0 

 3,1,268 


 
–1 0 

 3,2,169 


 
–1 0 

 2,3,170 


 
–1 0 

 11,1,371 


 
–1 –1 

 1,11,372 


 
–1 1 

 1,12,273 


 
–1 1 

 21,1,274 


 
–1 –1 

 11,111,175 


 
–1 1 

 111,11,176 


 
–1 –1 

 1111,1,177 


 
–1 –3 

 1,1111,178 


 
–1 3 

 11,11,279 


 
–1 0 
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 1,1,480 


 
–1 0 

 3,,381  


 
–1 –1 

  ,3,382 


 
–1 1 

  ,111,383 


 
–1 3 

 111,,384  


 
–1 –3 

  ,22,285 


 
–1 2 

 22,,286  


 
–1 –2 

  ,112,287 


 
–1 3 

 112,,288  


 
–1 –3 

 22,,289  


 
–1 –2 

 1111,,290  


 
–1 –4 

  ,11111,191 


 
–1 –4 

 11111,,192  


 
–1 –5 

  ,3,2193 


 
+1 1 

 3,,2194  


 
+1 –1 

  ,2,1395 


 
+1 1 

 2,,1396  


 
+1 –1 

 1,1,1397 


 
+1 0 

  ,1,1498 


 
+1 1 

 1,,1499  


 
+1 –1 

  ,11,4100 


 
–1 2 

 11,,4101  


 
–1 –2 

  ,11,13102 


 
+1 2 

 11,,13103  


 
+1 –2 

  ,111,12104 


 
+1 3 

 111,,12105  


 
+1 –3 

 2,1,12106 


 
+1 0 

 1,2,12107 


 
+1 0 
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 2,12,1108 


 
–1 1 

 12,2,1109 


 
–1 –1 

  ,32,1110 


 
–1 2 

 32,,1111  


 
–1 –2 

 2,4,112  


 
+1 1 

 1,,32113  


 
+1 –1 

  ,31,2114 


 
–1 2 

 13,,2115  


 
–1 –2 

  ,122,1116 


 
–1 3 

 122,,1117  


 
–1 –3 

 1,11,12118 


 
+1 1 

 11,1,12119 


 
+1 –1 

 12,11,1120 


 
–1 0 

 11,12,1121 


 
–1 0 

 

From this table we have; 

 6,11,0VM        26252423 


 +             3530292827 


 + 

         6665624943 


 +      696867 


 + 

       80257970 


 +          12112010710697 


  

= –1+1+1–1+1+1+1+1+1+1+1+1–1–1–1–1–1–1–1–1+1+1+1–1–1 = 1.       

 6,11,0VM 1 =
 

11

6P
, where k = 0 and n = 0.   Hence the Result. 

 
7. CONCLUSION  

In this study we have found the cranks of partitions of integers 7 and 8 respectively and have shown the 

generating function for M (m, n) and M (o, n). We have established the Dyson’s conjectures related to 

the partition congruences modulo 5, 7 and 11. Finally we have established the Mathematical results of 

Dyson’s conjectures. These results are combinatorial results of Ramanujan’s partitions congruences. 
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