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Abstract: 

The Ritz variational method has been applied to the nonlinear partial differential equation to 

construct a model for travelling wave solution. The spatially periodic trial function was chosen 

in the form of combination of Jacobian Elliptic functions, with the dependence of its 

parameters. 
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1. Introduction

To find exact solutions of Nonlinear Partial Differential Equations (PDEs) is an important but 

difficult task. Now, many methods have been established to find exact solutions of PDEs 

especially for integrable systems. Moreover, it is clear that different methods usually give 

different types of exact solutions. In some cases, similar classes of solutions can be obtained by 

several approaches. Recently, the multi-linear variable separation approach has been proved very 

powerful in finding variable separation solutions for a large number of PDEs. 

2. Method for Nonlinear Partial Differential Equations

The Nonlinear Partial Differential Equations (NLPDE) 
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Here E (x, t) is high-frequency field and 
111,1 ,,  are real constant with the relation 
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constant. Where the cubic term in Eq. (1) describes the nonlinear-self interaction in the high 

frequency subsystem, such a term corresponds to a self-focusing effect in plasma physics. In this 
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NLPDE with, one of limit ,011    reduces to non linear Schrodinger equation which 

describes a plane self-focusing and one dimensional self-modulation of waves in nonlinear 

dispersive media [14]. In another limit, 011    Equation reduces to the modified Korteweg-

de Vries equation. If we take 
3

1
,1 1111   then NLPDE reduces to Hirota equation 

[16].    

 
 The equation (1) can be formulated as a variational problem corresponding to the Lagrangian 
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The Lagrangian density ),( tx is given by 
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The star denotes the complex conjugate and the limits of the integration is the Periodicity length 

λ for the solutions. 

We employ the Ritz optimization procedure to the action integral 
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With respect to time dependent parameters of a trial function which admits 

(1) The shape of an unmodulated wave with a small sinusoidal disturbance. 

(2) Provide spatial periodicity of the Lagrangian with period . 

 

So these features are provided by 
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The time-dependent functions, independent from one another, are A, β, c, φ, α, 0x and k.

 

Here, 

dn(z;β) and cn(z;β) are the Jacobian elliptic functions for z = α(x - 0x ) and α= 4K(β)/λ, and K(β) 

is the complete elliptic integral of first kind. For small parameters B and c, one obtains from 

equation (5) the following expressions: 
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Equation (6) describes envelopes of a finite amplitude wave (with wave number k), slightly 

modulated by a plane wave with wave number  .Now we proceed to study the variation 

equations for the parameters A,   c and   with the help of Euler-Lagrange equations. Upon 

substituting the trial function (6) in (3) with (2), Put Vx t 0 , k (t) = V/2 (constant). 

 So the L (t) become 

 

 

 

 

  162

2

1

22

14

2

1

152

2

1

2

82

21

1

2

63

1

233

17

2

1

18

1

2

13

22

1

12

2

1

11

22

110

4

9

1

1

4

5

1114

411

2

3

1

112

222

12

1

2

12

2

3

1

2

1012

42
2

48824

4

2
3

3

2

3

2

23
22

842
)(

I
Aic

I
Aci

V

I
Ac

I
ciA

I
Ac

I
Ac

I
cA

I
AVi

I
VA

IAiIAiI
cA

I
V

AIVA

IV
cA

I
Vci

cAI
VVVx

AtL tt

t





















































































































 (7)  

 

                                                  

(8) 

 

  1

2

2

2

2 4);();( cdzzcnzdnI

k

k

 


                                                          (9) 

 

 

   





























 



K

K
K

cdzzzcnzdnI

k

k

2
sinh

22sin);();(
'

2

1

2

2

2

2

3





                                           
 (10) 

 

 
3

4
);();( 2

22

2

4

c
dzzcnzdn

dz

d
I

k

k









 





                     
 
(11) 

 

 
3

4
);();( 3

2

2

4

5

c
dzzcnzdnI

k

k

 




                      
 
(12) 

 

                     
 
(13) 

 

 
                                                                     

(14) 

   









 



K

K
K

dzzzcnzdnI

k

k

2
sinh

)sgn(2
2cos);();(

'

22

2

2

1





    02sin);();(

2

2

32

6  


dzzzcnzdnI

k

k



    02sin);();(

2

2

2

7  


dzzzcnzdnI

k

k



http://www.granthaalayah.com/


 

 

  

[Dayal et. al., Vol.5 (Iss.1): January, 2018]                                                                                       ISSN: 2454-1907 

                                                                                                                 DOI: 10.5281/zenodo.1149113 

Http://www.ijetmr.com©International Journal of Engineering Technologies and Management Research  [4] 
 

 
                         

(15) 

 

 
                       

(16) 

 

   

     0);();(
4

1
);();(

4

1

);();();();(

2

2

4
2

2

4

2

2

3

10















k

k

k

k

k

k

zcnzdndzzcnzdn
dz

d

dzzcnzdn
dz

d
zcnzdnI





                                 

(17) 

 

   

    0);();(
2

1
);();(

2

1

);();();();(

2

2

222

2

2

2

2

2

11










































k

k

k

k

k

k

zcnzdn
dz

d
dzzcnzdn

dz

d

dz

d

dzzcnzdn
dz

d
zcnzdn

dz

d
I





                

(18) 

 

   

     

 

2 2

12 2

2

22 2

2 2

2
2 2

4

2

( ; ) ( ; ) ( ; ) ( ; )

( ; ) ( ; ) ( ; ) ( ; ) ( ; ) ( ; )

41

2 3

k

k

k k

k k

K

K

d
I dn z cn z dn z cn z dz

dz

d d
dn z cn z dn z cn z dn z cn z dz

dz dz

cd
dn cn I

dz

     

        





 



  

   
       
   

 
     

 




           

(19) 

 

   

     0
2

1
);();(

2

1

);();();();(

2

2

2
2

2

2

2

2

13















k

k

k

k

k

k

cndndzzcnzdn
dz

d

dzzcnzdn
dz

d
zcnzdnI





                     

(20) 

 

      02sin);();();();(

2

2

14  


dzzzcnzdn
dz

d
zcnzdnI

k

k



                    

(21) 

 

      02cos);();();();(

2

2

15  


dzzzcnzdn
dz

d
zcnzdnI

k

k



                  

(22) 

 

      02sin2cos);();(

2

2

2

8  


dzzzzcnzdnI

k

k



    02sin);();(

2

2

4

9  


dzzzcnzdnI

k

k



http://www.granthaalayah.com/


 

 

  

[Dayal et. al., Vol.5 (Iss.1): January, 2018]                                                                                       ISSN: 2454-1907 

                                                                                                                 DOI: 10.5281/zenodo.1149113 

Http://www.ijetmr.com©International Journal of Engineering Technologies and Management Research  [5] 
 

      02sin);();();();( 2

2

2

16  


dzzzcnzdn
dz

d
zcnzdnI

k

k



                  

(23) 

 

  

      02sin);();();();(

2

2

2

2

17  


dzzzcnzdn
dz

d
zcnzdnI

k

k



                  

(24) 

 

    02sin);();(

2

2

2

18 







 



dzzzcnzdn
dz

d
I

k

k



                     

(25) 

 

Here     
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21  KK  and 1c  , 2c  , 3c are the following combinations of elliptic integrals K, 

E and their argument  : 
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Put (8) to (25) in equation (7), we get 
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(26)  

Integrated variation  equation: 
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Variation c equation: 
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Where Q is given by 
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The Hamiltonian H: 

 

    12

2

1
5

1114

411

2

3

1

112

222

12

1

2
12

2

3

1

2

1012
2

22

3

2
23

2

2

8422

I
VA

I
V

AIVAIV
cA

I
Vci

cAI
VVVx

AQcN
Nv

H tt

t

tt





































































 

                                                                                    
(29) 

 
Variation A equation: 
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(30) 

 
A simple qualitative analysis is also possible as a result of the Hamiltonian structure of the 

equations (27) to (30). It can be shown that the “mass” M of equation is positive and finite for all 

 Q is an increasing function of  , continuously 

differentiable for  1,1 including  =0.  

 
3. Conclusion 

 
We applied Ritz variational method to construct a model function between linear and non-linear 

evolution of modulational instability. Spatial variance of trial function was assumed a priori 

while time dependence of its parameters was subject to optimization. We choose travelling 

solutions in the form of a combination of Jacobi Elliptic functions (with an appropriate phase 

factor). The periodicity length and group velocities were assumed constant. If the limit 

,011    the result is same as calculated in [14]. 
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