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order to make this endeavor scientifically valuable, the Atangana-Baleanu operator in the
Reimann sense was applied with fractional differential equations to solve them using this
method. Definitions and characteristics related to this study are also given, and the
algorithm of the methodology is also examined. These equations' approximate solutions
were eventually discovered, and the method worked well for resolving this kind of
fractional problem.

Fractional order, discrete transfer function model of an elementary inertial plant is
proposed. The model uses Atangana-Baleanu operator. The discrete transfer function's
convergence and stability are examined. Simulations extend theoretical results. The
suggested discrete, approximated model has a minimal numerical complexity and is
correct. When modeling various physical phenomena, such as heat processes, it might be
helpful.
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1. INTRODUCTION

Fractional calculus and its applications in mathematics, as well as in many other sciences including physics,
thermodynamics, engineering, economics, etc., have attracted the attention of researchers in recent decades. There are
numerous uses for fractional calculus in the fields of probability, statistics, electrochemistry, and electrical engineering.
Furthermore, many cosmic phenomena that conventional differential equations are unable to describe can be described
by fractional differential equations [1-5].

In recent decades, researchers have been interested in studying fractional calculus and its applications in a wide
range of disciplines, including economics, physics, thermodynamics, geology, and mathematics. There are numerous uses
for fractional calculus in statistics, probability, electrochemistry, and electrical engineering. Additionally, a variety of
cosmic events that normal differential equations are unable to describe may be described by fractional differential
equations [5-10].
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Solving FPDES & Inertial Discrete Transfer Function Using Atangana-Blaenau Operator

In this research, we use the fractional operator Atangana-Baleanu-Reimann to solve fractional differential equations
using the natural homotopy permutation technique. The paper is organized as follows: Section 2 presents the
fundamental definitions of calculus and fractional integration; Section 3 analyzes the methods employed; Section 4
provides numerous examples that demonstrate the efficacy of the suggested method; and Section 5 concludes.

In the publication [14], Atangana and Baleanu proposed a novel fractional operator with a nonsingular kernel.
Papers [23,25] investigate the approximations of the Atangana Bealeanu operator (AB operator).

Papers [19] or [20], for example, have intriguing sets of data demonstrating the application of the AB operator in
modeling many physical, biological, and social processes. There are blood alcohol models, logistic equation models, and
population growth models.

The following publications provide some recent findings demonstrating the application of the AB operator: The use
of the AB operator in nonlinear fractional differential equations is covered in the work [31], the application of the AB
operator in advection-dispersion equations is shown in the paper [13], and [15] examines the modeling of COVID-19
dynamics in India. For instance, [30] and [24,26] examined the simulation of heat transmission using the AB operator.

All known models that use the AB operator have the form of a state equation, which is a characteristic. There is
currently no proposed transfer function model that makes use of this operator.

In this research, two iterations of a novel AB operator-based fractional order transfer function model are proposed.
The time-continuous model and its step response are shown first.

Several actual physical occurrences can be modeled using the recently suggested model.

2. PRELIMINARY
Definition 1 [7,8] Let v € H (&, &,), &, > &,, the Reimann-sense Atangana-Baleanu operator for < § < is,

B(8) d t 8(t-1)°
ABﬁDEs/U’(t) = BEJ‘O Eé‘ (— -5 )’U’(T)dT, t=0, (1)
Where B(6) is the normalizing function such that
B (0) =B (1) =1.

Definition 2 [9,10] The set of functions is where the natural transform is defined.

t
A= {/U’(/t’)lflM, 71,7, > 0, |v(#)| < Me",if £ € (—1)j x [0, 00)} (2)
Using the formula below,

N[v ()] =R(u,s) = foo/(r (ut)e stdt,u € (14, 7,).
0

Definition 3 [11] The definition of a function's inverse natural transform is
o St
N7 YR, s)] = v(t) = ﬁf;:o evw R(u,s)dt,u,s >0 3)

where p is a real constant and s and u are natural transform variables 6.
The following connection [12] allows the natural transform to provide the Laplace transform.

R(ws) = %fo =St/ £ () dt = %F (g)

oo

Equation (3) and [12] provide us with this relationship,

N (“4E2D¢f(v)) = %R(w ) (4)

S
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2.1. BASICS OF FRACTIONAL CALCULUS

Many books contain basic concepts from fractional calculus, such as [18,21,28] or [29]. Only a few definitions
required to present the primary findings will be remembered here.

It is necessary to first provide the fractional-order, integro-differential operator (see, for example, [18, 22, 29]). Itis
as follows:

Definition 4. The basic operator for fractional order) The following is the definition of the fractional-order integro-
differential operator:

( asf( a>0,)
dat® !

tsDe f () = f(® a =0, (5)
[Jf @@ a<o,

where o€R indicates the operation's non-integer order, and t_s and t_f indicate the time constraints for operator
computation. Next, review the Gamma Euler function (see to [22] for example):

Definition 5. (The Gamma function)
r(x) = [, t*tetdt (6)

A non-integer order generalization of the exponential function e”At, the Mittag-Leffler function is essential to solving
the FO state equation. The definition of the one-parameter Mittag-Leffler function is as follows:

Definition 6. (The Mittag-Leffler function with a single parameter)

k
Ea() = 2i0 sty (7)

The following is the definition of the two-parameter Mittag-Leffler function

Definition 7. (The Mittag-Leffler function's two arguments)

k
00 x
Eep() = Sinoroers; (8)
For f = 1 Function (8) with two parameters becomes function (7) with one parameter.

Different definitions of the fractional-order, integro-differential operator have been proposed by Riemann and
Liouville (RL definition), Caputo (C definition), and Griinvald and Letnikov (GL definition). The definitions of C and GL
will be applied in the subsequent analysis. Below, they are provided [17,27].

Definition 8. (The FO operator as defined by Caputo)

c __ 1 e Yo

ODtaf(t) - r(N—a) fo (t_T)a+1—N dT (9)

where N-1<a<N indicates I and the non-integer order of operation.is the whole Gamma function that (6) expresses.
The Laplace transform for the Caputo operator can be defined as follows (see [21] for example):

Definition 9. (The Caputo operator's Laplace transform)

L(§pEf(®) =s“F(s),  a<0,

£(§DEf()) = s9F(s) — Zp2h st (DEF(0), (10)
a>0n—-1<a<n€N.

Thus, the following is the expression for the inverse Laplace transform for a non-integer order function ([22]):
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LS F ()] = (DEF(O) + Tt FO(0%) (11)

n—-1<a, neZ

The following is the definition of the GL derivative along time from function [17, 27]:
Definition 10. (The Griinwald-Letnikov definition)
t
. _avwln a
“Dgg(t) = limh = S -0 () e - h) (12)
In (12) "0.0 < a < 1.0 is the fractional order along the time, h is the sample time, [.] is the nearest integer value,
(Olc)is the binomial coefficient:

1 =0
a )
(l) = {a(af—l)..l.'(oc—Hl) > 0} (13)

)

3. ANALYSIS OF THE PROPOSED METHOD
Suppose that fractional partial differential equation with Atangana-Baleanu- Reimann operator,
ABRDSy(x,t) + Lv(x, t)] + M[v(x,t)] = g(x,t),

With initial condition v(x,0)=v_0 (x), where ABRD_t”"¢ is the Atangana - Baleanu - Reimann operator, L is a linear
operator, M is a nonlinear operator and g is a source term.

Applying the natural transform of Atangana-Baleanu- Reimann operator subject to the given initial condition,

B(8)
s vws) =N(glt) - Lv(x, O] = Mv(x, D)),
1-6+6 (E)

By substituting initial condition of natural transform of Atangana-Baleanu- Reimann operator

B 1—5+5(§)6
v=——5 N+ Mv] - g), (14)
Applying the inverse of the natural transform to both sides of the Eq. (14),

u 5 u 5

_ n-1 1_5+6(§) a1 1_5+6(§)

v=N ) N(g) N 50 N(L[v] + M[v]) |, (15)

By applying homotopy permutation method,

v(x' t) = Z;?:O pn Un(x, t)l N[u(xl t)] = E?]?:O pn Hn(v)' (16)
Were

_ 10" nooia _
Hy (01,02, V3, 0, 9) = 22 [N (Siop v, t))]pzo n=012,.. (17)

Substituting Eq. (16) into Eq. (15) gives us the result that,

S 0p 1 0) = 6000 —p | N[22 e pn v, + 50,00 | 28)
Were
60nt) = v, 0y + N1 [ 22206 yeg (19)

B(8)
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By comparing both sides of the equation, the following result is obtained,

pP:vy(x,t) = G(x,t),

plivy(x,t) = —-N"1 %N(L[vo] + Ho(v)) , (20)
pn: vn(x' t) = _N_l %N(l‘[vn—l] + Hn—l(v)) , (21)

Using the parameter p, we expand the solution in the following form,

v(x,t) = Yoo P vn(x, t) (22)
Setting p=1 results in the solution of Eq. (22)
v(x, t) = y_r}} Yo P Un(x,t) = Yoeo v (X, ). (23)

3.1. ELEMENTARY FO TRANSFER FUNCTION

The elementary, scalar input-output differential equation using elementary fractional operator (5) takes the
following form:

TaoDEy(8) = —y(©) + u(®). (24)
where T_a is the time constant, u(t) is the control signal and y(t) is the output.
Assume homogenous initial condition. Applying (10) in (24) gives the elementary, fractional order transfer function:

1
Ges) = s (25)
For this transfer function its impulse and step responses are as beneath (see e.g. [17, p. 11]):

9c® = 5o (-5),

ye(® =100 = Ee (=)
In (26) E_a. () is the one parameter Mittag-Leffler function (7)

(26)

3.2. THE FOBD APPROXIMATION

The GL definition is the limit case for h—0,Ax—0 of the FOBD, commonly employed in discrete FO calculations (see
e.g. [28, p. 68]).

Definition 11. (The Fractional Order Backward Difference along the time FOBDT)
o
4%9(6) = 3k o (1) () gt — 1) (27)

In (27) L denotes a memory length necessary to correct approximation of a non integer order operator.
Unfortunately, good accuracy of approximation requires to use a long memory L which can make implementation
difficult.

Denote coefficients (—1)* (?) byd,; :
a
d = (-0'(9) (28)

The coefficients (28) can be also computed using the following, equivalent, recursive formula (e.g. [17, p. 12]), useful
in numerical calculations:

d_0=1

dy=(1-22)diy, 1=1,..,L (29)
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In [16] it is given that:

oo 30

S2od; =0 (0

Using (28) the operator (27) can be expressed in shorter form:

4%g(6) = = ¥kody gt — Ih) (31)

and consequently, its discrete transfer function G_FOBD Gropp(z~1) takes the following form:
- 1 -

Grogp(z™') = h_aZLLzo dyz7t (32)

3.3. DISCRETE SYSTEMS: SELECTED RESULTS

Let recall two theorems from theory of discrete time dynamic systems, necessary to present of main results: there
are Final Value Theorem (FVT) and necessary condition of the asymptotic stability of a system described by a discrete
transfer function G*(+(z) ).

Theorem 1. (Final Value Theorem for discrete time) Let g(k) is a discrete function of time, defined in k time instants
and G(z) is its z-transform. Assume that G*(+(z) ) :

1) has no poles outside the unit circle,

2) has maximally one pole on the unit circle: z=1,then:
I}im g(k) = lirri (z—-1)G(2) (33)
—00 z—

Theorem 2. (Necessary condition of the asymptotic stability of the discrete polynomial)
Consider the characteristic polynomial of a discrete system: w(z)=a_N z"N+---+a_1 z+a_0.
The necessary condition of its asymptotic stability is as follows:

w(1) >0A(D¥w(-1) > 0A|ag] < ay (34)

3.4. THE ATANGANA-BALEANU FRACTIONAL OPERATOR

The fractional order derivative Atangana-Baleanu operator is obtained via replacing the exponential kernel in the
Caputo-Fabrizio (CF) operator by the Mittag-Leffler kernel. It is defined using the C or RL definition of fractional order
derivative. Using these definitions we obtain the Atangana-Baleanu-Caputo (ABC) or Atangana-Baleanu-Riemann

(ABR)operator respectively [14]:
Definition 12. (The Atangana-Baleanu-Caputo (ABC) operator)

t ., t—x)%
ABEDE(F(6)) = M(a) [y ' (OE, (—a2-) dx, (35)
where E_a.is the oneparameterMittag-Lefflerfunction,M_a is the normalization function equal:
a
M(a)—l—a+m (36)

In (36) I' (\) is the Gamma function.

Definition 13. (The Atangana-Baleanu-Riemann (ABR) operator)
d — a
ABEDE(F(8) = M(@) < [ f (DEq (—a ) ax. (37)

1-a
where E_a(.) is the one parameter Mittag-Leffler function, M(a) is the normal ization function expressed by (36),
I'(.) is the Gamma function.
The Laplace transforms for the ABC and ABR derivatives are as follows:

ShodhKosh: Journal of Visual and Performing Arts 1752


https://www.granthaalayahpublication.org/Arts-Journal/index.php/ShodhKosh

Namrata Pandey, and Neelam Pandey

Definition 14. (The Laplace transform of the ABC operator)

M a t _ca—-1 0
£{ABDE (£ ()} (5) = ML WO G9)

1-a

Definition 15. (The Laplace transform of the ABR operator)
M “ft
L{ABtha(f(t))}(s) — (@) s*{f(O)}(s)

1-a s"‘+% ' (39)
For the homogenous initial condition: f(0)=0 both Laplace transforms are equal:
L{ABEDE(F (D)) }(s) = L{ABC,DE(f(©))}(s). (40)

In further considerations it will be used the common notation AB to denote this operator in both versions, becuase

the initial conditions are equal zero during analysis of a transfer function. To simplify, introduce the following short
notation:

L{ABEDE(F(D)}(s) = (41)
where:

%=1 (42)
b =22, (43)

The form a_a and b_a require to assume that "0.0"<a<"1.0" .

4. IMPLEMENTATIONS

Example 1: Let us consider the following nonlinear equation with the Atangana-Baleanu- Reimann sense.
ABRDS (1, 7) + 290, + 9 = 0,0 <5 < 1

Subject to the initial condition ¢(p,0)="sin" (i).By using the natural transform to both sides of Atangana-Baleanu-
Reimann sense,

N[*28D (1, ) + 20, (1, 7) + @y (1, 7) = 0] (43)
By using the inverse natural transform to both sides of (43) and the initial condition,
— u 8
o) =—-N"1 [(1 —6+46 (E) )N[Z‘Pu + ‘Puu]] (44)
By applying homotopy permutation method on Eq. (44),
5
S0P g = —pN ! [(1 =5+ 8(%) ) N[2 550 P o + TP O] (45)

By comparing both sides of the Eq. (45), the following result is obtained,
PO: ¢ = sin(u),

S
P, =—-N"1 [(1 -5+46 (g) )N[ZPO%# + PO%W]]

(47)
N1 [(1 —-6+6 (%)6> N[2P ¢y, + Pl‘/’llm]]

PZZ(pZ

By the above algorithms,
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Po = sin(u)
‘L'S
P = —COS(/.l) (1 -0+ 6m)
9 28

T 2 T

re+D TS r@s T D

@, =sin(u) | (1 =268 +62) + (26 — 262)

and so on. Therefore, the series solution ¢(,T) of the Atangana-Baleanu- Reimann sense is given by,
(1-26+6%)
T(S

@(u, ) = sin(u) — cos(u) (1 —-6+6 r(5+1)) + sin(,u)_l_ <(25 267 F(;il) L 82 r(;;)) —

(48)
If we put §—1 in Eq. (48), we get the approximate and exact solution,

2
@(u, 7) = sin(u) — Teos(p) + %Sin(u) — o =sin(u — 1)

Example 2 Let us consider the following nonlinear equation with the Atangana-Baleanu- Reimann sense.
ABRDS (11, 7) — 60, + Puuy = 0,0 <5< 1,

Subject to the initial condition ¢(,0)=6x.By using the natural transform to both sides of above equation,

N[*BED2 (1, 7) — 60 (1, V0, (11, T) + Py (1, 7) = 0] (49)
By using the inverse natural transform to both sides of Eq. (49) and the initial condition,
— u §
o(u,7)=—-N"1 [(1 —6+6 (;) )N[_6<P‘Pu + ‘Puuu]] (50)
By applying homotopy permutation method on Eq. (50),
s
Y=o P" @y = —pN~! [(1 —6+6 (%) )N[_6Z%o=0 P A, + X5-o P" ‘Pn,umt] ’ (51)
By comparing both sides of the Eq. (51), the following result is obtained,
P%: @, = 6x

L, =—N"1 (1—6+6(E)6)N[—6 94 + P Doyl
P S P~ Ag p (pOu;m (52)

2 -1 w)® 1 1
P, = —N (1 —6+8(;) )N[—6P A +p €01mm]
By the above algorithms,

Po = 6x
S
— a3 _ T
1= 6x(1-6+855) (53)
= 6%x (2(1 - 26 + 62) + 2(26 — 26?) AR ¥ L i )

P2=0x r(+1) rs+1/’

And so on. Therefore, the series solution ¢(u,t) of nonlinear equation with the Atangana-Baleanu- Reimann sense
is given by,

s 2(1 - 268 + 62)
— 3 _ 4
(1, T) = 6x +6%x (16 + 6 -) + 6*x 2026 - 267) " 4 25| (%)
r(+1) r(26+1)

If we put 6—1 in Eq. (54), we get the approximate and exact solution.
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ou,7) =6x(1+6%t+6%2+-) = % (55)

Example 3 Consider the nonlinear system of time-fractional differential equation in the Atangana-Baleanu Reimann
operator:

ABRDe (&7 — Y9 —1=00<6<1,
APRDMY(,§,0) — 98, —5=00<2< 1,
ABRD PO, &,7) — e, —5=00<p <1,

Taking the natural transform on both sides of the initial conditions of Example 3,
ABRpS w)®
N{EDE o 6,0 = (1- 8+ 8 (%) ) N{-w,9 - 1),
A
N{ABRDMp(u,£,7)) = (1 —5+5(%) )N{—(pgﬁu -5}, (56)

p
N{ABRDP9(11,&,7)} = (1 — 1+ (%) )N{—ng(p,l —5),
Operating with the NT on both sides of (56) gives,

o€ 1) = —N"1 ((1 —5+6 (%)5) N{—,,9; — 1}),
A
W &,7) = —N-1 ((1 —5+6(%) )N{—(pfﬁu - 5}), (57)

- w\P
9(u,¢,1) = —N1 <(1 — 1+ 2 (%) ) N{-pe0, - 5}).
By applying homotopy permutation method on Eq. (57),

o(u&1) = —p (N—l <(1 —5+6 (%)5) N{—p, 9 — 1})),
Y g0 = —p (N-l ((1 ~5+6(2) ) M(-ps0, - 5}>>,
91, §,7) = —p (N-l ((1 ~ 2+ 2(5) )N~ pe8, - 5})) (58)

On comparing both sides of the (58),
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P% o =u+28,p% g = p—2§,p% 9 = —u+2¢§

P ((1 ~6+8(5) (- vuut; - 1}>,
R <<1 ~6+8(3) ) M{-puetn. - 5}>,
o, =0 ((1-04 5 ) wi-vuet, - 51,
b0y = NI ((1 ~6+8(3) )Wt - 1}>,
e =t (1=0 (2 gt 5.
pr0=-n ((1-0+5(2) ) W-ouit, - 5)) ”

By the above algorithms,
Po = p+ 28, Yo = p— 28,99 = —pu+ 2,
=
p1=3(1-6+5 ).

r(é+1)
A
T
¥ =3 (1 —A4+ Ar(/1+1))’ (60)
Tp
0 =3(1-p+pris),

P, = 0,1/)2 = 0,192 = 0.

Therefore, the approximate solution of (60) is given by,

TS
(p=,u+2§+3(1—6+6r(5+1)),

¢_u—2§+3(1—,1+,1r(“1)),

9=—u+26+3(1—p+p (61)

P
o)
If we put 6—1 and A—1 in (61), we reproduce the solution of the problem as follows,
@ =u+2&+ 31,

Y =u—2&+ 31, (62)
9=—pu+2+37

This solution is equivalent to the exact solution in closed form,

o =p+2&+3r,

Y =u—2&+ 31, (63)
9 =—u+2E+37

5. MAIN RESULTS
5.1. THE TIME-CONTINUOUS TRANSFER FUNCTION

The application of the AB operator (35) or (37) in the elementary FO differential equation (24) yields:
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To(“EDEy(t)) + y(t) = u(t)

Assume homogenous initial condition. Using of (39) in above equation we obtain:

Tybos®

WY(S) + Y(S) = U(S) (64)
Consequently, the transfer function G(s) = % takes the following form:

_ s%ta,
Gan(s) = ot (65)
where a_a and b_a are expressed by (42) and (43) respectively, and:
TAB =1 + Taba- (66)

The step response of the transfer function is described by the following proposition:

Proposition 1. (The step response of the transfer function using AB operator) Consider the FO transfer function
G_AB (s) described by (65).

Its step response takes the following form:

yas(0) = 10 + (7= = 1) B (- 5) (67)

TaB

where T_AB is expressed by (66).

Proof. The transfer function (65) can be expressed as the sum of two following transfer functions:

G _ st
AB1(S) TAB;:H' (68)
Gap2 (s) Taps@+1

The step response we are looking for is the sum of step responses of both components (68). Denote these responses
as y_AB1 (t) and y_AB2 (t), respectively. They are equal:

_1{1
Yap12(t) = L7F {; Gap1,2 (5)} (69)
The step response y_AB1 (t) is obtained using Equation (1.34), page 11 in book [17]. It takes the following form:
_ L (cot
Vasr(8) = 5 Eq (F2). (70)
Next, the step response y_AB2 (t) we obtain using (26):
_ _ —aqt®
Yap2(6) = 1(0) = Eq (F-). (71)

After adding (70) to (71) we obtain (67) and the proofis completed.

Next the steady-state response of the considered transfer function (65) is described by the following remark.
Remark 1. (The steady-state response of the time-continuous transfer function)

Consider the transfer function using AB operator (65). Its steady-state response is equal:

Yss = 1.
Proof. The Laplace transform of the step response of the transfer function (66) is as follows:
Y(s) = Gan(s). (72)
The steady-state value of (72) is obtained using Final Value Theorem (FVT):

T T T s%+ay
Yss = lim sY(s) = lim Gap(s) = lim =" (73)
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An interesting issue is to compare the proposed transfer function (65) with the well-known transfer function using
Caputo operator (25). To do this the following "quasi-norms" H describing the distance between step responses of both
transfer functions are proposed:

Hpax = OLI}:Q%S lyc(t) — yap (@) (74)
2t2Ty
H, = fOTf()’c(t) - J’AB(t))Z dt (75)

where T_f is the final time of the response calculation’s fundamental parameter describing dynamics of each system
is damping rate § that can be easily defined for scalar systems considered here. It is equal for each considered transfer
function:

$c == (76)
(77)

Qg

$aB = Tn

5.2. THE APPROXIMATED, DISCRETE TRANSFER FUNCTION

The discrete-time transfer function using FOBD operator with fixed memory length L is obtained by employing of
(32) in (65):

1y _ Ni(z7h)

GapL(z77) = DLz (78)
where:

N,z =hShod 27 +aq

1 _ L _ (79)

D(z7') = h Ty Y=o d1 27" + aq
For each memory length it is expressed as:
Gano (21 = Nz (80)

ABoo Doo(z71)’
where:

No(zTH) =h™ Y2, d;z7t + ag, 81)

Do (z™1) = h™*Typ Li2od1 27" + aq.
The Z transform of the step response of both considered transfer functions takes the following form:

-1 G;z();_;)
Yiw(z™) =25 (82)
and consequently, the step response of the discrete, approximated transfer function is as follows:
Vio(k) = Z7HY, oo (z71)}, (83)

where k=1,2,... denotes discrete time instants. The formula (83) can be solved numerically using e.g. MATLAB, which
was used for numerical validation of results discussed in the next section.

5.3. THE CONVERGENCE OF THE DISCRETE APPROXIMATION
The Rate of Convergence (ROC) of the proposed, discrete, approximated model can be defined as follows:
Definition 16. (The Rate of Convergence)

ROC of the discrete transfer function (78) constructed with the fixed memory length L is equal to its steady state
value in the discrete transfer function:

ROC, = yg1 (84)
Sp+h%
where yso, = TS thea :S”haa"‘aa.
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memory length L. It is also a function of parameters of the model: fractional order a and time constant T_a.
The value of the sample time h assuring the minimum value A_L of ROC is described by the following proposition:
Proposition 3. (The value of sample time h assuring the minimum value of ROC )

Consider the discrete FO transfer function (78). The minimum value of the sample time h assuring the minimum,
predefined value of A_L is described as follows:

1
h > (SL(]- - ALTAB)>E
aa(AL - 1)

Proof. The minimum predefined value of ROC using y_ssL is expressed as follows:

SL+h"‘aa
AL < TaSp+h%a,
o he > (M) o (85)
- aq(4L-1)

1
SL(1-A1T4B)\«
< h 2( aqg(4,-1) ) '

6. SIMULATIONS
6.1. THE TIME CONTINUOUS TRANSFER FUNCTION

Firstly, the step responses using analytical formula (67) were examined. Time trends obtained using MATLAB for
different values of fractional order a and time constants T_a are shown in Figures 1. These analytical responses will be
used as a reference to estimate the quality of the discrete approximation.

Comparison of Step Responses yc(t) vs yag(t)

a = 0.25
1.0
0.5
—_— yel(t)
0.0 === yas(®)
a = 0.5
1.0 —
;”
0.5}
— ye(®)
0.0k | —=- yaalt)
a = 0.75
Lop —
0.5 =
— yclt)
ool -=- yas(®)
a = 0.95
1.0 ——
0.5} e
T — yelt)
ool L7 == yas(®)
0 25 50 75 100 125 150 175 200

Time (s)

Figure 1 The comparing of step responses y_C (t) vs y_AB (t) for T_a=1s,T_f="100" s and a="0.25", 0.50, 0.75, 0.95
(top-bottom)
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Table 1: Quasi norms (74) and (75) for T_a=1s,T_f="100" s and various fractional orders o
a Hinax H,
0.25 0.4780 1.1417
0.50 0.3900 0.1888
0.75  0.2248 0.0167
0.95 0.0490 7.9049e — 04

These quasi-norms reflect how system behaviour can differ under varying fractional orders a, with (74) growing
exponentially and (75) decreasing rapidly for small a.

6.2. THE APPROXIMATED TRANSFER FUNCTION USING FOBD

In this section the discrete transfer function using FOBD approximation was examined. Its accuracy was estimated
using known Integral Absolute Error (IAE) cost function:

IAE = h ¥i-1|yap(kh) — y,(kh)|, (86)

where y_AB (kh) is the analytical response (67) and y_L (kh) is the step response of approximation (83). For fixed «
and T this cost function is a function of memory length L and sample time h. Its 3D plot for L="100"-"500" and h="0.1"-
"10" s is shown in Fig. 2.

IAE for @ = 0.25 IAE fora = 0.5 IAE for a = 0.75

2.5

50
Mg, 100 05 &%
OI}LE 150 0.0
noty, 200 909

Figure 2 The IAE cost function as a function of memory length L and sample time h for «a="0.25", "0.50","0.75"

Comparison of y_AB (t) and y_L (kh) for different values of fractional order a is shown in Fig. 2 and respective ISE
values are given in Table 2.

Table 2: The cost function (89) for T_a=1s,h=1s,L.="100" and various fractional orders a

a 0.25 0.50 0.75
ISE 0.1372 0.3312 0.4554

7. CONCLUSION AND DISCUSSION
In this article, the natural homotopy permutation method was presented and the following results were obtained:

o The method is effective and efficient in solving fractional differential equations with the Atangana-Blaenau
Reimann operator.

e The approximate solutions obtained by this method approximates the exact solution when §,A=1.

e The method can solve linear and nonlinear equations.
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The most significant observation regarding the time continuous transfer function (65) is that, for fractional order
near 1.0, its step response tends to resemble the step response of the "classic” FO transfer function utilizing the C
operator (25). Table 1 and Fig. 1 demonstrate this. Based on this finding, it may be inferred that the suggested transfer
function is only useful for fractional orders a that are substantially smaller than 1.0. The "classic" transfer function (25)
is easier to build and guarantees fairly similar performance in terms of the step response for fractional order o near to
1.0.

The suggested model has a significant advantage, as demonstrated by the discrete transfer function analysis using
the FOBD approximation (78, 80). Specifically, short memory length L is linked to the good accuracy it achieves for
lengthy sample times h. In the 3D plots 1 and 2, it is visible. When it comes to digital implementation on a limited
platform, such as a PLC or microcontroller, this trait can be quite helpful.

In order to achieve the same accuracy and convergence, the sample time h must be shortened while the memory
length L must be increased.

CONFLICT OF INTERESTS

None.

ACKNOWLEDGMENTS

None.

REFERENCES

Jassim, Hassan Kamil, and M.A. Shareef. "On approximate solutions for fractional system of differential equations with
Caputo-Fabrizio fractional operator.” Journal of Mathematics and Computer science 23 (2021): 58-66.

Hussein, Mohammed Abdulshareef. "The Approximate Solutions of fractional differential equations with Antagana-
Baleanu fractional operator.” Mathematics and Computational Sciences 3 (2022): 29-39.

Mohammed Abdulshareef Hussein, Hassan Kamil Jassim."New approximate analytical technique for the solution of two
dimensional fractional differential equations.”" NeuroQuantology 20 (2022): 3690-3705.

Hussein, Mohammed Abdulshareef. "A Review on Integral Transforms of Fractional Integral and Derivative."
International Academic Journal of Science and Engineering 9 (2022): 52-56.

Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Sumudu Adomian Decomposition Method for FPDEs."
Journal of Research in Applied Mathematics 8 (2022): 36-43.

Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Laplace Adomian Decomposition Method for FPDEs."
Scientific Research Journal of Multidisciplinary 2 (2022): 1-10.

Hussein, Mohammed Abdulshareef. "A review on integral transforms of the fractional derivatives of CaputoFabrizio and
Atangana-Baleanu." Eurasian Journal of Media and Communications 7 (2022): 17-23.

Atangana, Abdon, and Dumitru Baleanu. "New fractional derivatives with nonlocal and non-singular kernel: theory and
application to heat transfer model." arXiv preprint arXiv: 1602.03408 (2016).

Belgacem, Fethi Bin Muhammed, and R. Silambarasan. "Theory of natural transform." Math. Engg. Sci. Aeros., 3 (2012):
99-124.

Shah, Kamal, Hammad Khalil, and Rahmat Ali Khan. "Analytical solutions of fractional order diffusion equations by
natural transform method." Iranian Journal of Science and Technology, Transactions A: Science 42.3 (2018):
1479-1490.

Abdel-Rady, Ahmed Safwat, et al. "Natural transform for solving fractional models." Journal of Applied Mathematics and
Physics 3.12 (2015): 1633.

Bokhari, Ahmed. "Application of Shehu transform to Atangana-Baleanu derivatives." ]. Math. Computer Sci., 20 (2019):
101-107.

AS.  Alshehry, H. Yasmin, F. Ghani, R. ShahandK.Nonlaopon:Comparativeanalysis  ofadvection-
dispersionequationswithAtangana-Baleanufractionalderivative.Symmetry, —15(4), (2023), 1-16. DOL
10.3390/sym15040819

ShodhKosh: Journal of Visual and Performing Arts 1761


https://www.granthaalayahpublication.org/Arts-Journal/index.php/ShodhKosh
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235

Solving FPDES & Inertial Discrete Transfer Function Using Atangana-Blaenau Operator

A. AtanganaandD.Baleanu: Newfractionalderivativeswithnon-localandnon-singular kernel: theory and application to
heat transfer. Thermal Sciences, 20(2), (2016), 763-769. DOI: 10.2298/TSCI160111018A

M. Aychluh, S.D.Purohit,P.AgarwalandD.L.Suthar:Atangana-Baleanuderivative basedfractionalmodelofCOVID-
19dynamicsinEthiopia.AppliedMathematicsinScience and Engineering, 30(1), (2022), 635-660. DOLIL
10.1080/27690911.2022.2121823

M. Buslowicz and T. Kaczorek: Simple conditions for practical stability of positive fractional discrete-time linear systems.
International Journal of Applied Mathematics and Computer Science, 19(2), (2009), 263-269. DOI:
10.2478/v10006-009-0022-6

R. Caponetto, G. Dongola, L. Fortuna and I. Petras: Fractional Order Systems: Mod eling and Control Applications. World
Scientific Series on Nonlinear Science, University of California, Berkeley, 2010.

S. Das: Functional Fractional Calculus for System Identyfication and Control. Springer, Berlin, 2010.

E. Bas and R. Ozarslan: Real world applications of fractional models by Atangana Baleanu fractional derivative. Chaos,
Solitons and Fractals, 116(11), (2018), 121-125. DOI: 10.1016/j.chaos.2018.09.019

J.F. Gomez, L. Torres and R.F. Escobar: Fractional Derivatives with Mittag-Leffler Kernel Trends and Applications in
Science and Engineering. Springer, Berlin, 2019.

T. Kaczorek: Selected Problems of Fractional Systems Theory. Springer, Berlin, 2011.

T. Kaczorek and K. Rogowski: Fractional Linear Systems and Electrical Circuits. Bia lystok University of Technology,
Bialystok, 2014.

K. Oprzedkiewicz: Accuracy estimation of the discrete, approximated Atangana-Baleanu operator. In Automation 2020
Conference: Innovations in Automation, Robotics and Mea surment Technique, Warsaw, Poland, (2020).

K. Oprzedkiewicz: Non integer order, state space model of heat transfer process using atangana-baleanu operator.
Bulletin of the Polish Academy of Sciences. Technical Sciences, 68(1), (2020), 43-50. DOL:
10.24425/bpasts.2020.131828

K. Oprzedkiewicz and W. Mitkowski: Accuracy estimation of the approximated Atangana-Baleanu operator. Journal of
Applied Mathematics and Computational Me chanics, 18(4), (2019), 53-62. DOI: 10.17512 /jamcm.2019.4.05

K. Oprzedkiewicz and W. Mitkowski: Parameter identification for the fractional order, state space model of heat transfer
process using atangana-baleanu operator. In 24th International Conference on Methods and Models in
Automation and Robotics, Miedzyzdroje, Poland, (2019). DOI: 10.1109/MMAR.2019.8864695

P. Ostalczyk: Equivalent descriptions of a discrete-time fractional-order linear system and its stability domains.
International Journal of Applied Mathematics and Computer Science, 22(3), (2012), 533-538. DOLI:
10.2478/v10006-012-0040-7

P. Ostalczyk: Discrete Fractional Calculus. Applications in Control and Image Process ing. World Scientific, New Jersey,
London, Singapore, 2016.

[. Podlubny: Fractional Differential Equations. Academic Press, San Diego, 1999.

N.A. Salti, E. Karimov and S. Kerbal: Boundary-value problems for fractional heat equation involving Caputo-Fabrizio
derivative. New Trends in Mathematical Sciences, 4(4), (2016), 79-89. DOI: 10.48550/arXiv.1603.09471

H. Yepez-Martinez, ].F. Gomez-Aguilar and M. Inc: New modied Atangana-Baleanu fractional derivative applied to solve
nonlinear fractional differential equations. Physica Scripta, 98(3), (2023). DOI: 10.1088/1402-4896/acb59

ShodhKosh: Journal of Visual and Performing Arts 1762


https://www.granthaalayahpublication.org/Arts-Journal/index.php/ShodhKosh
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235
https://dx.doi.org/10.29121/shodhkosh.v5.i5.2024.6235

	Solving FPDEs & inertial discrete transfer function using Atangana-Blaenau Operator
	Namrata Pandey 1, Neelam Pandey 2
	1 Research Scholar, Government Model Science College, APS University, Rewa, M.P., India
	2 Professor, Government Model Science College, APS University, Rewa, M.P., India


	1. INTRODUCTION
	2. Preliminary
	2.1. Basics of fractional calculus

	3. ANALYSIS OF THE PROPOSED METHOD
	3.1. Elementary FO transfer function
	3.2. The FOBD approximation
	3.3. Discrete systems: selected results
	3.4. The Atangana-Baleanu fractional operator

	4. IMPLEMENTATIONS
	5. Main results
	5.1. The time-continuous transfer function
	5.2. The approximated, discrete transfer function
	5.3. The convergence of the discrete approximation

	6. Simulations
	6.1. The time continuous transfer function
	6.2. The approximated transfer function using FOBD

	7. Conclusion and Discussion
	CONFLICT OF INTERESTS
	ACKNOWLEDGMENTS
	REFERENCES
	Jassim, Hassan Kamil, and M.A. Shareef. "On approximate solutions for fractional system of differential equations with Caputo-Fabrizio fractional operator." Journal of Mathematics and Computer science 23 (2021): 58-66.
	Hussein, Mohammed Abdulshareef. "The Approximate Solutions of fractional differential equations with Antagana-Baleanu fractional operator." Mathematics and Computational Sciences 3 (2022): 29-39.
	Mohammed Abdulshareef Hussein, Hassan Kamil Jassim."New approximate analytical technique for the solution of two dimensional fractional differential equations." NeuroQuantology 20 (2022): 3690-3705.
	Hussein, Mohammed Abdulshareef. "A Review on Integral Transforms of Fractional Integral and Derivative." International Academic Journal of Science and Engineering 9 (2022): 52-56.
	Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Sumudu Adomian Decomposition Method for FPDEs." Journal of Research in Applied Mathematics 8 (2022): 36-43.
	Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Laplace Adomian Decomposition Method for FPDEs." Scientific Research Journal of Multidisciplinary 2 (2022): 1-10.
	Hussein, Mohammed Abdulshareef. "A review on integral transforms of the fractional derivatives of CaputoFabrizio and Atangana-Baleanu." Eurasian Journal of Media and Communications 7 (2022): 17-23.
	Atangana, Abdon, and Dumitru Baleanu. "New fractional derivatives with nonlocal and non-singular kernel: theory and application to heat transfer model." arXiv preprint arXiv: 1602.03408 (2016).
	Belgacem, Fethi Bin Muhammed, and R. Silambarasan. "Theory of natural transform." Math. Engg. Sci. Aeros., 3 (2012): 99-124.
	Shah, Kamal, Hammad Khalil, and Rahmat Ali Khan. "Analytical solutions of fractional order diffusion equations by natural transform method." Iranian Journal of Science and Technology, Transactions A: Science 42.3 (2018): 1479-1490.
	Abdel-Rady, Ahmed Safwat, et al. "Natural transform for solving fractional models." Journal of Applied Mathematics and Physics 3.12 (2015): 1633.
	Bokhari, Ahmed. "Application of Shehu transform to Atangana-Baleanu derivatives." J. Math. Computer Sci., 20 (2019): 101-107.
	A.S. Alshehry, H. Yasmin, F. Ghani, R. ShahandK.Nonlaopon:Comparativeanalysis ofadvection–dispersionequationswithAtangana–Baleanufractionalderivative.Symmetry, 15(4), (2023), 1–16. DOI: 10.3390/sym15040819
	A. AtanganaandD.Baleanu: Newfractionalderivativeswithnon-localandnon-singular kernel: theory and application to heat transfer. Thermal Sciences, 20(2), (2016), 763–769. DOI: 10.2298/TSCI160111018A
	M. Aychluh, S.D.Purohit,P.AgarwalandD.L.Suthar:Atangana–Baleanuderivative basedfractionalmodelofCOVID-19dynamicsinEthiopia.AppliedMathematicsinScience and Engineering, 30(1), (2022), 635–660. DOI: 10.1080/27690911.2022.2121823
	M. Buslowicz and T. Kaczorek: Simple conditions for practical stability of positive fractional discrete-time linear systems. International Journal of Applied Mathematics and Computer Science, 19(2), (2009), 263–269. DOI: 10.2478/v10006-009-0022-6
	R. Caponetto, G. Dongola, L. Fortuna and I. Petras: Fractional Order Systems: Mod eling and Control Applications. World Scientific Series on Nonlinear Science, University of California, Berkeley, 2010.
	S. Das: Functional Fractional Calculus for System Identyfication and Control. Springer, Berlin, 2010.
	E. Bas and R. Ozarslan: Real world applications of fractional models by Atangana Baleanu fractional derivative. Chaos, Solitons and Fractals, 116(11), (2018), 121–125. DOI: 10.1016/j.chaos.2018.09.019
	J.F. Gomez, L. Torres and R.F. Escobar: Fractional Derivatives with Mittag-Leffler Kernel Trends and Applications in Science and Engineering. Springer, Berlin, 2019.
	T. Kaczorek: Selected Problems of Fractional Systems Theory. Springer, Berlin, 2011.
	T. Kaczorek and K. Rogowski: Fractional Linear Systems and Electrical Circuits. Bia lystok University of Technology, Bialystok, 2014.
	K. Oprzedkiewicz: Accuracy estimation of the discrete, approximated Atangana–Baleanu operator. In Automation 2020 Conference: Innovations in Automation, Robotics and Mea surment Technique, Warsaw, Poland, (2020).
	K. Oprzedkiewicz: Non integer order, state space model of heat transfer process using atangana-baleanu operator. Bulletin of the Polish Academy of Sciences. Technical Sciences, 68(1), (2020), 43–50. DOI: 10.24425/bpasts.2020.131828
	K. Oprzedkiewicz and W. Mitkowski: Accuracy estimation of the approximated Atangana–Baleanu operator. Journal of Applied Mathematics and Computational Me chanics, 18(4), (2019), 53–62. DOI: 10.17512/jamcm.2019.4.05
	K. Oprzedkiewicz and W. Mitkowski: Parameter identification for the fractional order, state space model of heat transfer process using atangana-baleanu operator. In 24th International Conference on Methods and Models in Automation and Robotics, Miedzy...
	P. Ostalczyk: Equivalent descriptions of a discrete-time fractional-order linear system and its stability domains. International Journal of Applied Mathematics and Computer Science, 22(3), (2012), 533–538. DOI: 10.2478/v10006-012-0040-7
	P. Ostalczyk: Discrete Fractional Calculus. Applications in Control and Image Process ing. World Scientific, New Jersey, London, Singapore, 2016.
	I. Podlubny: Fractional Differential Equations. Academic Press, San Diego, 1999.
	N.A. Salti, E. Karimov and S. Kerbal: Boundary-value problems for fractional heat equation involving Caputo-Fabrizio derivative. New Trends in Mathematical Sciences, 4(4), (2016), 79–89. DOI: 10.48550/arXiv.1603.09471
	H. Yepez-Martinez, J.F. Gomez-Aguilar and M. Inc: New modied Atangana–Baleanu fractional derivative applied to solve nonlinear fractional differential equations. Physica Scripta, 98(3), (2023). DOI: 10.1088/1402-4896/acb59


