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o ABSTRACT
The torsional behavior of rectangular beams has been widely investigated in structural
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updates and mechanical engineering due to their practical relevance in buildings, bridges, and

mechanical systems. This paper presents a theoretical overview of the torsional response

of rectangular cross-section beams, emphasizing how variations in geometry affect

DOI stiffness, warping, and stress development. Drawing on established research, it explores
classical and modern understandings of torsion in non-circular sections. A synthesis of
past findings reveals consistent challenges in modeling warping and identifies optimal
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1. INTRODUCTION

The study of torsional behavior in beams, particularly those with rectangular cross sections, occupies a significant
place in classical and modern structural analysis. Unlike circular shafts, which exhibit uniform shear stress under torsion
and retain their cross-sectional shape during deformation, rectangular beams respond in a more complex manner. This
complexity arises from their geometric asymmetry, which leads to non-uniform stress fields and cross-sectional warping
when subjected to torsional moments. As a result, their behavior under torsion cannot be fully captured by the
assumptions and equations derived for circular sections. Historically, the foundational framework for understanding
torsion in non-circular prismatic bars was laid by Adhémar Jean Claude Barré de Saint-Venant in the mid-19th century.
Saint-Venant’s solution marked a major milestone in elasticity theory, offering a method to estimate the distribution of
shear stresses in members of arbitrary cross section subjected to pure torsion. According to this formulation, although
the assumption of a rigid cross-sectional rotation (as seen in circular shafts) does not hold for non-circular members, the
average rotation per unit length can still be described by a well-defined torsional rigidity parameter. For rectangular
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sections, this parameter depends significantly on the cross-sectional dimensions, particularly the width-to-height ratio,
often referred to as the aspect ratio.

Saint-Venant’s theory recognizes that the plane sections of non-circular beams do not remain undeformed but
instead warp out of their original plane. This warping behavior, although subtle in thicker and more equilateral sections,
becomes increasingly pronounced in slender, flat rectangular beams. The presence of warping introduces additional
strain energy components, leading to lower effective torsional stiffness compared to circular or square sections. As a
result, the torsional rigidity of a rectangular section is considerably lower than that of a circular section of comparable
area. It was also observed that the stress distribution in rectangular beams under torsion is far from uniform. Maximum
shear stresses tend to occur along the midlines of the longer edges, decreasing toward the corners, a phenomenon that
cannot be captured using simple torsion formulas applicable to circular cross sections. The progression of theoretical
understanding continued with significant contributions in the early 20th century. Ludwig Prandtl, through his work on
stress functions, developed a more general solution method for torsion using what is now called the Prandtl stress
function. This function simplifies the governing partial differential equations into a form that can be used to derive stress
distributions in arbitrary shapes, including rectangles. The Prandtl membrane analogy, in particular, provided a valuable
conceptual model, illustrating the shear stress distribution as analogous to the shape of a stretched elastic membrane
fixed along its boundaries. This analogy not only deepened the theoretical understanding but also facilitated the
development of approximate solutions for complex cross-sectional geometries. Further refinement was introduced by
V.Z.

Vlasov in the mid-20th century, who focused specifically on the torsion of thin-walled members. Vlasov’s theory
introduced the concept of constrained and unconstrained warping, which allowed for more accurate modeling of
members where warping deformation is either permitted or restrained by boundary conditions or bracing elements. In
structural applications such as thin flange beams or open-section members, Vlasov’s approach revealed the significant
role that warping stiffness plays in governing overall torsional behavior. His framework also made it possible to analyze
warping-induced normal stresses, which are particularly relevant in long-span structural elements. By the latter half of
the twentieth century, with the advent of more powerful computational tools, researchers such as Cowper and others
began to derive empirically based correction factors to classical expressions for the torsional constant of rectangular
sections. Cowper’s work, in particular, refined Saint-Venant’s estimates by incorporating numerical solutions to the
governing equations, providing engineers with more accurate design values for torsional rigidity. These refinements
became especially important in mechanical and structural applications where torsional loads are non-negligible and
where safety or serviceability is governed by rotational stiffness and strength. The modern theoretical landscape of
torsion in rectangular beams now spans classical analytical models, advanced mathematical formulations, and high-
fidelity numerical simulations. Despite the apparent simplicity of the rectangular shape, its torsional behavior
encapsulates a wide range of physical phenomena including non-uniform shear stress, warping displacement, secondary
bending effects, and interaction with boundary conditions. As a result, even basic torsional analysis of such beams
requires a nuanced approach that combines classical elasticity with geometric insight.

2. FINDINGS FROM LITERATURE AND PAST RESEARCH

The torsional behavior of rectangular beams has been the subject of extensive academic inquiry over the past
century, with research spanning from theoretical investigations to experimental validations and, more recently, to
computational modeling. A review of key contributions across these domains reveals several consistent themes and
findings, particularly regarding the influence of geometric proportions on torsional stiffness, stress distribution, and
warping deformation. One of the most recurring insights across the literature is the critical role played by the cross-
sectional aspect ratio in determining torsional performance. Numerous studies, both classical and contemporary, have
shown that rectangular beams with aspect ratios approaching unity, when the width and height of the section are nearly
equal, demonstrate more favorable torsional characteristics. In such configurations, the torsional rigidity is
comparatively higher, and the shear stress is more evenly distributed. Conversely, when the cross section becomes
significantly elongated in one direction, such as in very flat or very tall rectangles, the torsional stiffness decreases
rapidly. This drop in stiffness is largely attributed to the emergence of significant warping deformations, which are not
accounted for in elementary torsion theory but become dominant in thin-walled or highly anisotropic sections.
Experimental studies have reinforced these theoretical observations.
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Notably, MacLeish and Selberg conducted systematic laboratory tests on metallic rectangular beams to evaluate
their torsional stiffness under controlled loading conditions. Their findings confirmed that sections with larger width-
to-height ratios exhibited not only lower torsional rigidity but also increased susceptibility to torsional buckling and
local warping. These behaviors were particularly pronounced in long-span members, where the freedom of the ends to
warp significantly influenced the measured twist and stress levels. The experiments also highlighted that the torsional
response is highly sensitive to support conditions. Beams with ends constrained against warping showed increased
stiffness and reduced twist compared to those with free warping boundaries. Beyond empirical observations, theoretical
contributions have deepened understanding of the internal stress mechanisms within rectangular sections under
torsion. Prandtl’s stress function solution provided a mathematical basis for predicting the non-uniform distribution of
shear stresses. According to this model, maximum shear stresses occur not at the corners, as one might intuitively expect,
but along the mid-lengths of the longer edges. This asymmetry is a hallmark of non-circular torsion and has important
implications for design, particularly in applications where stress concentrations could lead to fatigue or failure.

These theoretical insights have been incorporated into modern design codes and engineering practice, often in the
form of correction factors or simplified design tables that approximate the torsional constant for various aspect ratios.
Vlasov’'s development of the theory of thin-walled beam torsion introduced a more comprehensive framework by
integrating the effects of warping restraint into the torsional analysis. His work demonstrated that for open-section
beams, such as channels and I-beams, the torsional response could not be accurately modeled without considering
warping-induced normal stresses and the associated secondary bending effects. Although rectangular sections are not
typically classified as thin-walled in the same sense as structural steel profiles, many wide and shallow rectangular
beams, like those used in floor slabs, bridge decks and aircraft panels, display behavior that closely aligns with Vlasov’s
predictions. His findings underscore the need to treat torsion as a three-dimensional deformation problem, particularly
in structural elements with non-negligible length and aspect ratios far from unity. Numerical methods, particularly finite
element analysis (FEA), have played a significant role in validating and expanding upon the classical and experimental
findings. Studies using FEA tools such as ANSYS and Abaqus have consistently shown that conventional closed-form
solutions underestimate both the maximum shear stress and the extent of warping in beams with extreme aspect ratios.
These simulations have also enabled researchers to visualize the warping patterns and to quantify the interaction
between torsional and flexural modes, especially in non-uniform or asymmetrically loaded beams.

Moreover, FEA studies have facilitated the exploration of material effects, showing how orthotropic and composite
materials behave differently from isotropic ones under torsional loads, a consideration that has become increasingly
relevant with the growing use of advanced materials in engineering. In synthesizing the diverse body of literature on
torsional response, several broader themes emerge. Geometric proportions, particularly the aspect ratio, are consistently
identified as the most influential parameter affecting torsional stiffness and deformation behavior. Warping, once
considered a secondary effect, is now widely recognized as a primary component of torsional response, particularly in
long or thin sections. Stress concentrations along the mid-widths of long edges necessitate careful attention in design,
particularly in fatigue-sensitive applications. Lastly, boundary conditions, whether fixed, simply supported, or free, play
a decisive role in determining the effective torsional rigidity and the actual stress state of the member. Together, these
findings form a comprehensive understanding of how rectangular beams behave under torsional loading. They provide
a theoretical and empirical basis for informed engineering design, reinforcing the need for precise modeling and
consideration of factors beyond those addressed by simple analytical expressions. The integration of classical theory,
empirical testing, and computational analysis has not only advanced academic understanding but also improved
practical applications across structural, mechanical, and aerospace engineering.

3. CONCLUDING WITH SOME IMPLICATIONS

The complex torsional behavior of rectangular beams carries significant implications for engineering design across
various disciplines. From structural frameworks to mechanical components and aerospace systems, the way in which
rectangular sections respond to torsional loads directly influences both safety and performance. A thorough
understanding of this behavior is therefore essential not only for optimal material use but also for preventing structural
failures that could arise from underestimating warping, stress concentrations, or rotational deformation. In structural
engineering, torsional considerations are particularly relevant in beams subjected to eccentric loading, such as edge
beams in slabs, cantilevers, and frames with unsymmetrical geometry. While vertical bending is often the primary design
concern, torsion can emerge as a secondary yet critical effect when loads are applied off the centroidal axis or when
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irregular loading patterns are present. For instance, in cantilever balconies, curved facades, or open-sided frame systems,
the lack of symmetry in load paths results in twisting of members, which, if unaccounted for, can lead to excessive
rotation or even failure at the supports. The literature consistently indicates that beams with rectangular sections,
especially those with high width-to-height ratios, are particularly vulnerable in such scenarios due to their low torsional
stiffness and significant warping deformation. The use of rectangular beams in bridge design provides another context
in which torsional effects cannot be ignored. Girders supporting curved or skewed bridge decks are routinely subjected
to torsional moments generated by the combination of vertical loads and plan geometry. If the cross section is relatively
flat or if warping is not restrained by diaphragms or bracing, significant twist may develop, leading to serviceability
issues such as cracking or discomfort for users. Thus, the design of these members must account for both Saint-Venant
torsion and warping torsion, especially in continuous spans and long unsupported lengths.

Modern design approaches frequently incorporate Vlasov’'s warping theory into numerical simulations to ensure
that both primary and secondary torsional effects are properly captured. In mechanical engineering, the design of shafts,
axles, and levers commonly involves torsion as a primary load case. While circular sections are preferred for their
uniform torsional properties, rectangular sections are often employed due to fabrication, assembly, or spatial
constraints. Examples include keyways, brackets, and linkages, particularly in automotive and manufacturing
equipment. In these cases, the non-uniform shear distribution in rectangular sections can lead to localized stress
concentrations, which, if cyclic in nature, become prime sites for fatigue crack initiation. Designers must therefore
account not only for the average shear stress but also for peak values and their location along the cross section, which,
as the literature has shown, often occur along the mid-width of the longer sides. Furthermore, the torsional response of
rectangular beams is of growing importance in aerospace and naval engineering, where weight reduction is critical and
thin-walled rectangular profiles are often used to maximize structural efficiency. In aircraft wing boxes, fuselage frames,
and control surfaces, torsion arises from aerodynamic loads and must be managed carefully to prevent excessive
deflection or loss of control. In such high-performance systems, the warping deformation of rectangular members can
interact with bending and axial loads, creating complex stress states that require high-fidelity numerical analysis.

The implications of ignoring torsional and warping effects in such scenarios can be catastrophic, highlighting the
need for integrated design methodologies that incorporate detailed knowledge of torsional behavior. Beyond the
analysis of individual members, the understanding of torsional response influences the broader architectural and
structural design philosophy. Contemporary architectural trends, which often favor asymmetry and cantilevered forms,
challenge conventional engineering practices and demand more sophisticated torsional analysis. In such cases, the use
of rectangular beams, particularly those with architecturally driven cross-sectional proportions, requires engineers to
move beyond simplified models and embrace computational tools that can capture three-dimensional behavior and
boundary interactions. The interplay between aesthetics and structural function thus elevates the importance of
torsional understanding from a specialized concern to a central design consideration. Moreover, torsional effects in
rectangular beams are closely tied to construction practices and long-term performance. The use of composite materials,
prestressing techniques, or hybrid sections can significantly alter torsional properties, sometimes enhancing stiffness
but also introducing new complexities such as anisotropic behavior or differential warping. As building materials and
fabrication techniques evolve, so too must the models and assumptions underlying torsional design. This has prompted
ongoing research into the torsional performance of novel materials, such as fiber-reinforced polymers and high-
performance concrete, particularly in rectangular geometries where warping effects may be amplified.
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